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The nuclear collective models introduced by Bohr, Mottelson and Rainwater, together with the
Mayer-Jensen shell model, have provided the central framework for the development of nuclear
physics. This paper reviews the microscopic evolution of the collective models and their under-
lying foundations. In particular, it is shown that the Bohr-Mottelson models have expressions as
macroscopic limits of microscopic models that have precisely-defined expressions in many-nucleon
quantum mechanics. Understanding collective models in this way is especially useful because it
enables the analysis of nuclear properties in terms of them to be revisited and reassessed in the light
of their microscopic foundations.
I. INTRODUCTION
During the time that the independent-particle shell
model of the nucleus was being developed, the
quadrupole moments of many odd nuclei were measured
and determined to have small values for nuclei close
to magic numbers. However, nuclei with intermedi-
ate nucleon numbers [1, 2] were often observed to have
quadrupole moments much larger than those of a sin-
gle nucleon. This was interpreted by Rainwater [3] to
mean that such nuclei must have spheroidal as opposed to
spherical shapes and challenged a standard belief of that
time that even numbers of neutrons or protons would
pair off to give states of zero spin so that the spin and
the quadrupole moment of an odd nucleus would be that
of the single unpaired nucleon. With considerable in-
sight, Rainwater suggested that the independent-particle
states of nucleons in a spheroidal potential should be ex-
pected to have density distributions of the same shape
as the potential. Thus, on the basis of shape consistency
he concluded that nuclei with spheroidal shapes could be
expected.
Following Rainwater’s observations, Bohr [4] consid-
ered the quantum mechanics for the shape vibrations
and deformations of a liquid-drop model of the nucleus.
He also considered the possibility that the interactions
between the nucleons and the deformed field that they
generated could enhance the deformation of nuclei. In
parallel with developments of the shell model [5, 6], Bohr
and Mottelson [7] then extended the Bohr model to a uni-
fied model of a nucleus with coupled independent-particle
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and collective degrees of freedom.
A limitation of the Bohr model is that, as a quantum
fluid, it has irrotational-flow moments of inertia which
are much smaller than those needed to describe the low-
energy rotational states of deformed nuclei. In the unified
model, it was supposed, again with remarkable insight,
that low-energy states would result with the introduction
of vorticity associated with the nucleons in partially-filled
shells. Thus, the unified model was developed in a strong-
coupling approximation in which the collective core of the
nucleus would be polarised by the added nucleons and as-
sume a spheroidal shape that would rotate adiabatically
relative to the faster intrinsic dynamics of the coupled
system. An important contribution to this development
was the calculation by Nilsson [8] of single-particle states
in a spheroidal shell-model potential.
It would be an understatement to say that the Bohr-
Mottelson-Nilsson model and its many developments
(see, for example, [9–13] and the many references therein)
have been successful in the interpretation of collective
structure in nuclei. One measure of its success is that
it continues to provide the basic concepts and lan-
guage in terms of which nuclear collective phenomena
are described. Thus, a great deal of effort has been
expended by numerous researchers from a variety of
geometrical, mean-field and algebraic perspectives, to
give this phenomenologically-conceived model a micro-
scopic foundation. The several perspectives ultimately
led to a formally-precise many-nucleon theory of nuclear
monopole and quadrupole collective dynamics.
Justifying this statement and explaining what it means
is a primary objective of this paper. The many-nucleon
theory that emerges is the so-called symplectic shell
model. Like the standard shell model, the symplectic
shell model is a formal framework in which simple models
of nuclear properties can be understood and developed.
The standard shell model expresses the many-nucleon
Hilbert space as an ordered sum of spherical harmonic-
oscillator subspaces, whereas the symplectic shell model
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2expresses it as a sum of spaces that carry representations
of a collective model. Solvable models then emerge, e.g.,
by restriction of the shell-model space to a subspace and
by considering approximate model interactions.
The organisation of this paper is first to take stock
of what has been achieved by extracting from the large
body of literature a short and direct route to the many-
nucleon theory of collective dynamics. The plan is to
first identify the physical content and properties of the
theory and then, by considering its macroscopic limits,
explore how it can be used in simple ways to interpret ex-
perimental data and other models with microscopic ob-
servables. It is shown that the macroscopic limits are
approached to an extraordinarily high level of accuracy
in medium-to-heavy nuclei. It is also shown that the un-
derlying microscopic structure of the unified models has
strong implications for the low-energy beta- and gamma-
vibrational states of rotational nuclei.
Models that are usefully considered from the
symplectic-model perspective are those based on mean-
field methods [14, 15]. A popular example is the pairing
plus quadrupole model [16–18] which explores the com-
petition [19] between pair-coupling of nuclei, as in the
model of superconductivity [20], and the Q.Q interaction
of aligned coupling, as in the SU(3) model [21]. Such
models are discussed briefly in Section XIII.
We would like this presentation to be easy to under-
stand. At the same time, we wish to avoid suppressing
the rigorous foundations on which the models are based.
Thus, where appropriate, we start sections with a brief
outline of their content so that a reader can obtain a
quick understanding of its substance and return later to
the more challenging details, which can be read as de-
sired.
II. EARLY APPROACHES
The search for a microscopic version of the collective
model was initiated by Tomonaga [22] in two dimensions
and extended by Miyazima and Tamura [23] to three.
It successfully identified irrotational-flow momenta that
become canonically conjugate to quadrupole moments in
a macroscopic limit. Had this approach been pursued,
it could have led more directly to the expression of the
Bohr model as a microscopic irrotational hydrodynamic
model, as shown in Section III B, and even to the model
given in Section III C that included vorticity.
A few years later, Elliott introduced an SU(3) model
as a coupling scheme for the spherical shell model and
showed that the states of an irreducible SU(3) representa-
tion, within the space of valence-shell nucleons in a single
spherical harmonic-oscillator shell, has properties that
resemble those of a truncated rotor model. This showed
that states with rotation-like properties can emerge in the
shell model with effective interactions and other effective
observables that conserve the symmetries of the SU(3)
model. Subsequently, and unexpectedly, the SU(3) model
re-emerged as a sub-model of the sought-after collective
model and as the projected image of a rigid-rotor model
onto the states of a single harmonic-oscillator shell-model
energy. Thus, although Elliott’s model was only intended
to apply to light nuclei, it acquired a relationship to the
rotational states of well-deformed nuclei, albeit in spaces
very different from those of the original SU(3) model.
The unified model of Bohr, Mottelson and Nilsson was
based on the premiss that a separation could be made be-
tween collective and intrinsic particle degrees of freedom
of a nucleus. Thus, in seeking a derivation of this model,
a suitable separation of the nucleon variables was pursued
by many authors [24–31]. The several results were sub-
sequently obtained [32, 33] as simple expressions of the
nuclear kinetic energy as a Laplacian on a classical many-
nucleon space of which collective model spaces were sub-
spaces. Such methods also showed [26] that collective and
intrinsic dynamics could only be completely decoupled if
the intrinsic structure had an unphysical degree of rigid-
ity. Otherwise the collective rotations would necessarily
be strongly coupled to intrinsic vorticity. This posed a
serious challenge because the vortex spin operators did
not have simple expressions as one-body operators. How-
ever, the challenge evaporated with the recognition of
an intimate relationship [32, 33] between the canonical
transformation method and simple models based on the
quantisation of Lie algebras of collective observables ex-
pressed in microscopic terms.
An algebraic expression of a rigid-rotor was given by
Ui [34] and an algebraic expression for a rotor-vibrator
model was given by Weaver, Biedenharn and Cusson
[31, 34, 35]. Neither of them quite achieved the de-
sired results; the first because a completely-rigid rotor
is unphysical and the second because non-zero vorticity,
while clearly essential, is not conserved in nuclear col-
lective dynamics. However, they were very influential
and were quickly followed by the symplectic model [36–
38] which contains these two models as submodels but
without their limitations. As this review will show, the
symplectic model is a microscopic version of the Bohr-
Motteson-Nilsson collective model and defines a practical
shell-model coupling scheme.
It should be mentioned that the symplectic model and
many of the results reviewed in this paper can also be
obtained from a complementary approach based on the
O(A− 1) symmetry group introduced, by Dzyublik, Fil-
ippov, Simonov, and colleagues [29, 39–41], as the group
that leaves collective model observables invariant. It
transpires [42] that O(A−1) is a maximal group of trans-
formations of a many-particle space that commute with
the dynamical group of the collective model that we con-
sider. This group plays a central role in the formulation
by Kretzchmar, Smirnov, Vanagas, and many colleagues
of a translationally-invariant shell model [43–45]. Such
dual pairs of commuting symmetry and dynamical groups
occur frequently in nuclear physics and give important
relationships between collective models and shell-model
coupling schemes [46].
3III. REALISATIONS OF MICROSCOPIC
COLLECTIVE MODELS AS ALGEBRAIC
MODELS
A quick and simple approach to a microscopic theory
of collective states in nuclei is obtained by identifying
the essential observables that characterise their proper-
ties and expressing them in terms of a basic Lie algebra of
observables.1 The elements of such a Lie algebra are the
infinitesimal generators of a so-called dynamical group
for the model. Any operator that is a polynomial in the
elements of such a Lie algebra then has a well-defined rep-
resentation on the states of an irreducible representation
of that Lie algebra. In fact, the whole underlying many-
nucleon quantum mechanics of nuclear structure theory
makes use of this approach by recognising that the many-
nucleon observables of a given nucleus are all expressible
in terms of the finite Lie algebra, with simple commu-
tation relations, generated by the position, momentum
and intrinsic spins of nucleons. The remarkable property
of this Lie algebra, without which nuclear physics would
be impossibly complex, arises from the observation that
nucleons are identical particles and obey the Pauli exclu-
sion principle. This means that the many-nucleon quan-
tum mechanics of a given nucleus has a single unique
fully anti-symmetric representation in accordance with
the Stone-von Neumann theorem.2
In spite of its underlying simplicity, the represen-
tation of many-nucleon quantum mechanics is infinite-
dimensional and has the potential for unlimited complex-
ity. However, in common with most zero-temperature
1 The concept of a Lie algebra of observables was introduced in
Dirac’s formulation of quantum mechanics as a set of, in prin-
ciple, measurable properties of a system that are represented in
quantum mechanics as Hermitian operators on the states of a
Hilbert space and which close under commutation (or a Pois-
son bracket in classical mechanics) to generate a Lie algebra.
For example, the elementary position and momentum coordi-
nates {xi, pi} of a particle are represented in quantum mechan-
ics as operators {xˆi, pˆi} that satisfy the commutation relations
[xˆj , pˆk] = i~δj,k Iˆ of a Heisenberg algebra, where Iˆ is the identity
operator. Thus, any set of variables that have representations as
Hermitian operators and close under commutation to form a Lie
algebra will be described as a Lie algebra of observables. Note
that, if Xˆ and Yˆ are Hermitian operators, their commutator will
not be Hermitian. Hence the factor i =
√−1 is required in the
commutation relations of a quantum-mechanical Lie algebra of
observables.
2 The Heisenberg algebra for a single particle in ordinary 3-
dimensional space has a unitary representation on the infinite-
dimensional Hilbert space of square-integrable functions of its
{x1, x2, x3} coordinates; this is the Hilbert space of a 3-
dimensional harmonic oscillator. However, whereas Lie algebras,
in general, have infinite numbers of inequivalent unitary repre-
sentations, the Stone-von Neumann theorem [47] shows that the
Heisenberg algebra has only one. This uniqueness is generally
taken for granted. In fact, it is quite remarkable and results in
the simplification of many-particle quantum mechanics by many
orders of magnitude. Had it not been true, the discovery of quan-
tum mechanics would surely have been delayed by many years.
systems in physics, its lowest-energy states tend to be
ones that maximise the available symmetries and its
lowest-energy dynamics tend to be collective in nature
and characterised by corresponding dynamical symme-
tries. This section shows how simple collective models
emerge in many-nucleon quantum mechanics from this
perspective.
The basic observables of all the models discussed in this
section are fully symmetric quadratic functions of the nu-
cleon position and momentum observables. Thus, in all
applications, it is a simple matter to subtract the spuri-
ous centre-of-mass contributions to these observables. In
effect, this operation reduces the effective number of par-
ticles from A to A− 1 but doesn’t change the commuta-
tion relations of their observables. Neither does it change
the permutation symmetry of the model wave functions
because the centre-of-mass wave function is always fully
symmetric. This means that totally antisymmetric wave
functions can be constructed as linear combinations of
products of spatial and spin-isospin wave functions of
conjugate permutation symmetry.
A. A microscopic rotor model
A simple rotor model was formulated by Ui [34] as an
algebraic model, with a Lie algebra of basic observables
that contains a set of commuting quadrupole operators,
expressed as components of an L = 2 spherical tensor,
{Qˆ2ν , ν = 0,±1,±2}, and angular momentum operators
{Lˆ0, Lˆ±1 = ∓Lˆ±/
√
2} with commutation relations
[Lˆ0, Lˆ±] = ±Lˆ±, [Lˆ+, Lˆ−] = 2Lˆ0, (1a)
[Lˆ±, Qˆ2ν ] =
√
(2∓ ν)(2± ν + 1) Qˆ2,ν±1, (1b)
[Lˆ0, Qˆ2ν ] = νQˆ2ν , (1c)
[Qˆ2µ, Qˆ2ν ] = 0. (1d)
The quadrupole observables are elements of an Abelian
Lie algebra and the angular momenta span an SO(3) Lie
algebra. Together they form a a so-called ROT(3) Lie
algebra whose elements have expressions
Lˆ0 = Lˆ23, Lˆ±1 = ∓ 1√2 (Lˆ31 ± iLˆ12), (2a)
Qˆ2,0 =
1√
2
(2Qˆ11 − Qˆ22 − Qˆ33), (2b)
Qˆ2,±1 =
√
3 (Qˆ12 ± iQˆ13), (2c)
Qˆ2,±2 =
√
3
2 (Qˆ22 − Qˆ33 ± 2iQˆ23), (2d)
in terms of the microscopic observables,
Qˆij =
A∑
n=1
xˆnixˆnj , ~Lˆij =
A∑
n=1
(
xˆnipˆnj − xˆnj pˆni
)
. (3)
The construction of the unitary representations of this
Lie algebra, cf. Section VI C, is straightforward and pro-
vides a prototype for the construction of more general
4rotor models with appropriate intrinsic degrees of free-
dom such as those of the unified model. However, as it
stands, its intrinsic states are eigenstates of the nuclear
quadrupole moments with no vibrational fluctuations.
Thus, the model admits no Coriolis or centrifugal stretch-
ing associated with the coupling between the intrinsic
and rotational dynamics. In fact, its intrinsic states are
effectively those of a rigid body and should have rigid-
body moments of inertia [26, 32]. As a consequence, the
irreducible representations of the Ui rotor model can only
be realised on a many-nucleon Hilbert space in a limit in
which their intrinsic wave functions approach delta func-
tions in their quadrupole shapes. Nevertheless, it pro-
vided a microscopic version of the rigid-rotor model and
was an important step towards the microscopic theory of
nuclear rotations that was being sought.
B. The microscopic Bohr model
The original Bohr model of a nucleus was a hydro-
dynamic model with a sharply-defined surface defined by
its radius expressed as a function of angles in a spherical-
harmonic expansion
R(θ, φ) = R0
(
1 +
∑
LM
α∗LMYLM (θ, φ) +O(α
2)
)
. (4)
Collective Hamiltonians were then considered of the form
H = 12
∑
M
BL|α˙LM |2 + V (α), (5)
where the BL coefficients are mass parameters. The
model was quantized by mapping the classical momenta
piLM = BLα˙LM to operators pˆiLM = −i~∂/∂α∗LM . The
various multipole moments of a nuclear density with
shapes given by these parameters then defined corre-
sponding collective models of nuclear vibrations and ro-
tations.
A microscopic version of the Bohr model for com-
bined monopole and quadrupole collective dynamics is
obtained, as in Ui’s model, by replacing the surface
monopole/quadrupole shape coordinates of the Bohr
model with many-nucleon Cartesian quadrupole mo-
ments {Qij =
∑A
n=1 xnixnj}. Time derivatives and cor-
responding momenta are then given by
Q˙ij =
dQij
dt
=
∑
n
(x˙nixnj + xnix˙nj), (6a)
Pij = MQ˙ij =
∑
n
(pnixnj + xnipnj), (6b)
where M is the nucleon mass. These moments and
momenta are then quantised as appropriate for nucle-
ons by replacing the xni and pni coordinates by opera-
tors xˆni and pˆni with commutation relations [xˆni, pˆmj ] =
i~δi,jδm,n, to obtain quantum observables
Qˆij =
∑
n
xˆnixˆnj , Pˆij =
∑
n
(pˆnixˆnj + xˆnipˆnj), (7)
that satisfy the commutation relations
[Qˆij , Pˆkl] = i~
(
δilQˆjk + δikQˆjl + δjlQˆik + δjkQˆil
)
. (8)
The classical Bohr model, with a Heisenberg algebra
of observables, is now regained by a contraction corre-
sponding to a hydrodynamic limit of these commutation
relations. The essential property of nuclear matter that
is presumed in taking its so-called hydrodynamic limit is
that it is essentially incompressible, to within quantum
mechanical limits, over the range of states of interest. For
practical purposes, it is a limit in which the volume of a
nucleus, as characterised by its monopole moment, takes
an essentially constant value. The contraction process
we consider is similar to that introduced by I˙no¨nu and
Wigner [48] to describe the contraction of the Lie algebra
of the Lorentz group to that of the Galilean group when
the observables of the Lie algebra are restricted to states
of an object of velocities of small magnitude relative to
the speed of light.
The contraction is obtained by expressing the
monopole and quadrupole moments and momenta of a
nucleus in units of a small parameter  that is assigned
a value such that 42 = 1/〈Qˆ0〉, where 〈Qˆ0〉 is the mean
value of the close-to-constant monopole moment of the
nucleus in its low-energy states. In these units, the
monopole/quadrupole observables are given by
qˆ0 = Qˆ0 = (Qˆ11 + Qˆ22 + Qˆ33), (9a)
pˆ0 = (Pˆ11 + Pˆ22 + Pˆ33), (9b)
and
qˆ2,0 = Qˆ2,0 =
1√
2
(2Qˆ11 − Qˆ22 − Qˆ33), (10a)
pˆ2,0 = 1√
2
(2Pˆ11 − Pˆ22 − Pˆ33), (10b)
qˆ2,±1 = Qˆ2,±1 =
√
3 (Qˆ12 ± iQˆ13), (10c)
pˆ2,±1 =
√
3 (Pˆ12 ∓ iPˆ13), (10d)
qˆ2,±2 = Qˆ2,±2 = (Qˆ22 − Qˆ33 ± 2iQˆ23), (10e)
pˆ2,±2 =
√
3
2 (Pˆ22 − Pˆ33 ∓ 2iPˆ23). (10f)
Thus, with the commutation relations of equation (8), it
is determined that
[qˆ0, pˆ0] = i~ Iˆ +O(2), [qˆ2µ, pˆ2ν ] = i~ δνµ +O(), (11)
and that the commutators, [qˆ0, pˆ
2ν ], [qˆ2ν , pˆ0], [qˆ2µ, qˆ2ν ],
and [pˆ2µ, pˆ2ν ] are of order O().
Two significant observations follow for the Bohr model
derived in this way. One is that its quadrupole moments
are the infinitesimal generators of irrotational flows, con-
sistent with Bohr’s formulation of the model as a quan-
tum fluid model. The second is that the simplest shell-
model representation of the model in its spherical vibra-
tional limit is given for a closed harmonic-oscillator shell-
model nucleus. In such a representation, the one-phonon
monopole excitation is at a high excitation energy as ex-
pected for almost-incompressible nuclear matter and the
5quadrupole excitations are high-energy giant-quadrupole
resonance excitations. However, it is clear that, without
the additional degrees of freedom of valence-shell nucle-
ons, as introduced in the unified model, the microscopic
Bohr model, is not able to provide a description of low-
energy rotational states.
C. A microscopic Bohr model with vorticity
The previous section showed that the operators
{Qˆij , Pˆij} become the elements of a Heisenberg algebra
when restricted to a subspace of the nuclear Hilbert space
involving only giant-resonance degrees of freedom and in
which nuclear matter is incompressible. In this respect
the Bohr model is seen to be complementary to the SU(3)
model which is the restriction of Ui’s rigid rotor model
to a subspace that excludes the giant-resonance excita-
tions. However, as observed by Weaver, Biedenharn and
Cusson [35, 49], neither of these restrictions is necessary
because the commutation relations of the {Qˆij , Pˆij} op-
erators are all expressible in terms of angular-momentum
operators {Lˆij} defined by
~Lˆij =
A∑
n=1
(
xˆnipˆnj − xˆnj pˆni
)
. (12)
Moreover, the commutation relations between all pairs of
operators in the augmented set {Qˆij , Pˆij , Lˆij} produce no
new linearly-independent operators and are a basis for a
Lie algebra.
A model with this Lie algebra of observables is the
so-called GCM(3) model [35, 49] where GCM(3) is a
mnemonic for a generalised collective model in three-
dimensions.3
Construction of the irreps (irreducible representations)
of the GCM(3) model [49, 50] shows that it extends the ir-
rotational flows of the Bohr model to include an intrinsic
angular momentum corresponding to quantised vorticity.
Thus, it is significant that, with the admission of nuclear
compressibility, however small, and the inclusion of the
angular momentum to form a Lie algebra, the model ac-
quires more general representations.
It is instructive to consider the microscopic version of
the Bohr model with vorticity in the light of an argument
[26] that the states generated by rotation of a given in-
trinsic state can only have moments of inertia that differ
from the rigid-body moments of inertia of the intrinsic
density distribution if the intrinsic state includes cluster-
like components of zero angular momentum. The com-
plementary interpretation is now that the intrinsic states
3 The GCM(3) model is a minor extension of the original CM(3)
model of Weaver et al. [35, 49] to include the giant monopole
degrees of freedom and which, as a result, fits more naturally
within the chain of models under discussion.
of a quantum fluid can only have moments of inertia dif-
ferent from those of irrotational flow if it has cluster-like
components of non-zero vortex angular momentum.
D. The symplectic model
A serious problem with the GCM(3) model is that
there is no easy way to construct a Hamiltonian for the
model that gives energy spectra comparable to those
observed. To describe rotational states, the Hamilto-
nian should clearly contain a kinetic-energy term. One
possibility would be a kinetic energy proportional to
the rotationally-invariant quadratic
∑
ij PˆijPˆji. A more
meaningful choice would be the GCM(3)-conserving com-
ponent of the many-nucleon kinetic energy. However, the
many expansions [28–30, 32] of the nuclear kinetic energy
in terms of collective and complementary intrinsic coor-
dinates, show this choice to be complicated. More sig-
nificantly, the expansions show that the nuclear kinetic
energy contains large components that do not conserve
the vorticity quantum number of a GCM(3) irrep. Af-
ter many deliberations as to how to handle this problem,
the answer that emerged was to simply add the many-
nucleon kinetic energy to the Lie algebra of the GCM(3)
model to form a still larger algebra. This is possible be-
cause the commutator of two bilinear combinations of
nucleon position and momentum coordinates is again a
bilinear combination of these coordinates. The algebra
that emerges is the Lie algebra of the Sp(3,R) symplectic
group [36].
In retrospect, it can be seen that the Sp(3,R) alge-
bra is the smallest Lie algebra that contains the nu-
clear quadrupole moments and its kinetic energy, both of
which are essential components of a microscopic model
of nuclear collective states. It is the Lie algebra of ob-
servables spanned by the operators
Qˆij =
A∑
n=1
xˆnixˆnj , Kˆij =
A∑
n=1
pˆnipˆnj , (13a)
~Lˆij =
A∑
n=1
(
xˆnipˆnj − xˆnj pˆni
)
, (13b)
Pˆij =
A∑
n=1
(xˆnipˆnj + pˆnixˆnj). (13c)
Thus, it includes monopole and quadrupole moments,
given by linear combinations of the elements {Qˆij , i, j =
1, 2, 3} which define the size and shape of a many-nucleon
nucleus. It includes infinitesimal generators of size and
shape change, given by linear combinations of {Pˆij}, and
infinitesimal generators of rotations given by the angular
momenta {Lˆij} in units of ~. The nuclear kinetic energy
is proportional to
∑
n pˆ
2
ni and the other elements {Kˆij}
are included to close the Lie algebra. It is interesting to
note that elements of the symplectic model algebra are
expressed in equation (13) in terms of elements of the
6subalgebras of the following chain, that are added one
set at a time,
SO(3) ⊂ ROT(3) ⊂ GCM(3) ⊂ Sp(3,R)
Lˆij Qˆij Pˆij Kˆij
. (14)
The Sp(3,R) Lie group that finally emerges is recognised
as the group of all linear canonical transfomations of a 6-
dimensional phase space [42] with 3 position coordinates
and 3 canonical momenta.
An alternative route to the symplectic model is
obtained from the developments by Filippov, Vana-
gas, Smirnov, and many colleagues [45, 51] of a
translationally-invariant shell model for which O(A− 1),
where A is the nuclear mass number, is a symmetry group
and for which Sp(3,R) is a complementary dual group as
recognised in nuclear physics by Moshinsky and Quesne
[42].
IV. THE SYMPLECTIC MODEL AS A UNIFIED
MODEL
The most valuable property of the symplectic model is
that it is a bridge between the shell model and the col-
lective model. Thus, it is a microscopic unified model in
every respect. From a collective model perspective, it is
an algebraic model with observables defined in terms of
nucleon position and momentum coordinates. However,
when its dynamical group Sp(3,R) is combined with the
spin and isospin SU(2) groups, it defines a complete cou-
pling scheme for the many-nucleon shell-model Hilbert
space in a spherical harmonic-oscillator basis. In fact, as
this section will show, the whole many-nucleon Hilbert
space is a sum of symplectic-model spaces with subspaces
defined by the subgroups in the chain
Sp(3,R) ⊃ U(3) ⊃ SU(3) ⊃ SO(3) (15)
that are identical to those of the spherical harmonic-
oscillator shell model.
A. The Sp(3,R) Lie algebra of U(3) tensor
operators
As a prelude to constructing symplectic-model spaces
in Sp(3,R) ⊃ U(3) ⊃ SU(3) ⊃ SO(3) coupled basis
states, it is useful to express the Sp(3,R) Lie algebra
in terms of U(3) tensor operators obtained by expressing
the position and momentum coordinates of a nucleon in
terms of harmonic-oscillator raising and lowering (boson)
operators
xˆni =
1√
2 a
(c†ni + cni), pˆni = i~
a√
2
(c†ni − cni), (16)
where a =
√
Mω/~ is the harmonic-oscillator unit of
inverse length. The elements of the Sp(3,R) algebra then
have expansions
Qˆij =
1
2a2
(
2Qˆij + Aˆij + Bˆij
)
, (17a)
Kˆij =
1
2a
2~2(2Qˆij − Aˆij − Bˆij), (17b)
Pˆij = i~(Aˆij − Bˆij), Lˆij = −i(Cˆij − Cˆji), (17c)
with
Aˆij = Aˆji =
∑
n
c†nic
†
nj , Bˆij = Bˆji =
∑
n
cnicnj , (18a)
Cˆij =
∑
n
(
c†nicnj +
1
2δi,j
)
, Qˆij = 12
(Cˆij + Cˆji). (18b)
The U(3) ⊂ Sp(3,R) subalgebra is then spanned by the
angular-momentum operators {Lˆij} and the U(3) com-
ponents {Qˆij} of the quadrupole operators {Qˆij}. These
U(3) operators are also more usefully expressed in terms
of SO(3) spherical tensors, which include L = 1 angular
momentum operators
Lˆ0 = Lˆ23, Lˆ±1 = ∓ 1√
2
(Lˆ31 ± iLˆ12), (19)
an L = 0 monopole operator
Qˆ0 = Qˆ11 + Qˆ22 + Qˆ33, (20)
and L = 2 quadrupole operators
Qˆ2,0 = 2Qˆ11 − Qˆ22 − Qˆ33, (21a)
Qˆ2,±1 = ∓
√
6 (Qˆ12 ± iQˆ13), (21b)
Qˆ2,±2 =
√
3
2 (Qˆ22 − Qˆ33 ± 2iQˆ23). (21c)
In addition, the Sp(3,R) Lie algebra contains Hermi-
tian linear combinations of the creation and annihila-
tion operators, Aˆij and Bˆij , of two harmonic-oscillator
quanta. They are, respectively, the 2~ω raising and low-
ering operators of giant-resonance excitations. Monopole
and quadrupole giant-resonance raising and lowering op-
erators are expressed in spherical-tensor notation by
Aˆ0 =
√
1
6
∑
i
Aˆii, (22a)
Aˆ2,0 =
√
1
12 (2Aˆ11 − Aˆ22 − Aˆ33), (22b)
Aˆ2,±1 = ∓
√
1
2 (Aˆ12 ± iAˆ13), (22c)
Aˆ2,±2 =
√
1
8 (Aˆ22 − Aˆ33 ± 2iAˆ23), (22d)
and
Bˆ0 =
√
1
6
∑
i
Bˆii (23a)
Bˆ2,0 =
√
1
12 (2Bˆ11 − Bˆ22 − Bˆ33), (23b)
Bˆ2,±1 = ∓
√
1
2 (Bˆ12 ∓ iBˆ13), (23c)
Bˆ2,±2 =
√
1
8 (Bˆ22 − Bˆ33 ∓ 2iBˆ23). (23d)
7(The normalisation of these tensors is chosen for conve-
nience and historical reasons.)
The above expressions show that the Sp(3,R) Lie al-
gebra is the union of two subsets of operators: those of a
U(3) subalgebra, and giant resonance raising and lower-
ing operators. The SU(3) subalgebra is spanned by the
subset of operators {Lˆk, Qˆ2,ν} and the total monopole
and quadrupole operators are the combinations given in
harmonic-oscillator (a = 1) units by
Qˆ0 = Qˆ0 +
√
3 (Aˆ0 + Bˆ0), (24a)
Qˆ2 = Qˆ2 +
√
3 (Aˆ2 + Bˆ2). (24b)
It is also seen that, whereas the operators Qˆ0, Lˆk and
Qˆ2ν are infinitesimal generators of a U(3) Lie algebra,
the giant-resonance raising operators Aˆ0 and Aˆ2ν are the
L = 0 and 2 components of a U(3) {2, 0, 0} tensor, and
the lowering operators Bˆ0 and Bˆ2ν are their Hermitian
adjoints.
B. The properties of an Sp(3,R) representation
The many-nucleon representations of the symplectic
model are simply defined. They comprise sets of states
based on those of a so-called lowest-grade U(3) irrep,
which are states that are annihilated by the giant-
resonance lowering operators, and form an infinite tower
of 2~ω, 4~ω, 6~ω, · · · giant-resonance U(3) representa-
tions created by the repeated action of the U(3)-coupled
giant-resonance excitation operators on the lowest-grade
U(3) states.
These many states have properties that relate natu-
rally to those of the Bohr-Mottelson unified model in
which the SU(3) states correspond to the intrinsic nu-
cleon states of the unified model whereas the giant-
resonance states correspond to those of the irrotational-
flow Bohr model.
The relationship between the symplectic model and the
Bohr-Mottelson unified model will be developed explic-
itly in the following sections. It is obtained by consid-
ering the asymptotic (macroscopic) limits of symplectic-
model representations that are rapidly approached in nu-
clei with relatively large numbers of nucleons. In these
limits, the SU(3) states are shown to approach those
of a rigid rotor and the giant-resonance excitations ap-
proach those of a harmonic vibrator. The strong coupling
between them then results in a coupled rotor-vibrator
model with many-nucleon wave functions.
In spite of this close correspondence with the standard
unified model, there are notable differences. In particu-
lar, the low-energy states are more like those of a triaxial
rigid rotor with a truncated sequence of K bands, than
those of an axially-symmetric rotor with vibrational beta
and gamma bands. This is because the vibrational ex-
citations of the microscopic symplectic model are basi-
cally those of the giant-resonance excitations which are
expected to occur at higher energies.
A primary objective of this paper will be to show how
the symplectic model simplifies in its macroscopic limits
so that it becomes easy to apply to the analysis of exper-
imental data and thereby identify the microscopic origins
of what is observed. Such simplifications will be partic-
ularly essential if one is to have hopes of understanding
the transitions between different collective bands brought
about by dynamical symmetry-breaking interactions.
Early applications of the symplectic model and its sub-
models were reviewed in 1985 [38]. These applications
were with algebraic and schematic interactions, and,
with a few exceptions, involved only a single symplectic-
model irrep. More recent calculations, with algebraic
and schematic interactions, include those of Bahri [52],
Dreyfuss et al. [53], and Tobin et al. [54]. Symplec-
tic model calculations with general shell-model nucleon-
nucleon interactions were initiated by Filippov and col-
leagues [55, 56] and developed by Vassanji et al. [57–60].
V. THE SYMPLECTIC SHELL MODEL
The many-nucleon Hilbert space is infinite dimensional
and in any calculation it is necessary to truncate it to a
finite-dimensional subspace. In the standard spherical
shell model, the many-nucleon Hilbert space is expressed
as a sum of subspaces ordered by increasing independent-
particle-model energies as given, for example, by the
Mayer-Jensen model [61]. This makes it possible to
truncate the Hilbert space to a shell-model subspace of
states with lowest independent-particle-model energies.
However, for strongly-deformed nuclei, the Mayer-Jensen
shell-model ordering is wildly inappropriate. Already in
light nuclei, one typically needs an effective charge of ap-
proximately twice the mean nucleon charge to relate the
quadrupole moments and E2 transition rates obtained
in a Mayer-Jensen shell-model space to those observed.
For some of the more deformed states, such as those
of the rotational band built on the first excited state
of 16O [62–65] and on the so-called Hoyle state of 12C
[53], one needs to consider shell-model states of spherical
harmonic-oscillator excitation energy ∼ 4~ω, relative to
the lowest spherical harmonic-oscillator energy of the nu-
cleus, as well as a large effective charge to describe their
E2 properties [66].
The inability of the spherical shell model to describe
states of large deformation is explained in the Nilsson
extension of the Mayer-Jensen model. It is observed, for
example [67] that the Nilsson-model with a spheroidal
potential determined by the observed deformation of a
nucleus such as 168Er is able to give a lowest-energy state
for this nucleus with the observed deformation. However,
because of the crossing of spherical shell-model levels as
they evolve into Nilsson levels, such a Nilsson-model state
has of the order of 12 harmonic-oscillator quanta more
than that of the lowest-energy Mayer-Jensen states.
An important observation is that, in addition to being
an algebraic collective model, the symplectic model also
8defines a coupling scheme for the complete many-nucleon
Hilbert space and its expression as a sum of collective
model subspaces [68, 69]. Thus, it gives a decomposition
of the many-nucleon Hilbert space, which differs from
that of the Mayer-Jensen shell model and is more appro-
priate for the description of collective rotational states.
Moreover, as for the standard shell model, the collective
model subspaces can be ordered for any given nucleus,
e.g., by the energies of their lowest-weight states with re-
spect to a suitable model Hamiltonian; cf. discussion of
mean-field methods in Section XIII.
The decomposition of a many-nucleon space into sub-
spaces that carry representation of useful groups by
means of so-called coupling schemes, is standard practice
in traditional shell-model calculations [70]. Typical cou-
pling schemes are based on the use Wigner’s U(4) super-
multiplet group [71] which contains the SU(2)S×SU(2)T
spin and isospin groups as subgroups, the compact sym-
plectic group [72, 73] which is the symmetry group of a
pairing model, and the SU(3) group which is the dynam-
ical group of the Elliott model [21].
For deformed rotational nuclei it is appropriate to con-
sider a decomposition of the many-nucleon Hilbert space
by means of a coupling scheme based on the direct prod-
uct group Sp(3,R)×U(4). For such a coupling one could
contemplate many-nucleon calculations in spaces classi-
fied by states labelled by the quantum numbers of, for
example, the groups in the chain
Sp(3,R)× SU(2)Sn × SU(2)Sp ⊃ U(3)× SU(2)J , (25)
where SU(2)Sn and SU(2)Sp are the neutron and proton
intrinsic spin groups, and SU(2)J is the total angular-
momentum group. For convenience, we shall refer to the
subspaces for the irreps of this coupling scheme as ‘col-
lective subspaces’.
The symplectic shell model is then simply an expres-
sion of the Hilbert spaces of many-nucleon quantum me-
chanics as sums of collective subspaces of states that
carry irreducible representations of the symplectic model
together with other spin and isospin representations as
required.
For a calculation with a meaningful Hamiltonian in a
space of many-nucleon states restricted to a collective
subspace, one would expect to see a low-energy band of
states emerging with properties close to those of a rotor
model. However, as noted in Section IV B, one would not
expect to see low-energy excited rotational bands such as
beta or gamma vibrational bands.
Observe that, because the full quadrupole operator of
a nucleus is an element of the Sp(3,R) Lie algebra, there
can be no isoscalar E2 transitions between the algebra’s
different representation spaces. Thus, the observation of
E2 transition between states of different rotational bands
can give information on the mixing of collective subspaces
arising from symplectic model symmetry-breaking inter-
actions. Such mixing is expected to occur and, indeed,
a symmetry breaking interaction could very well result
in a coherent mixing of collective spaces in the manner
of a quasi-dynamical symmetry [74] and lead to unex-
pected results. For example, it could be that strong
pairing interactions could result in a mixing of lowest-
grade SU(3) representations with the result that bands
of states emerge with the properties of an axially sym-
metric rotor with vibrational excitations. One can learn
as much, perhaps more, from the limitations of a model
as from its successes.
In concluding this section, it is emphasised that the
primary focus of this paper is on the interpretation of
nuclear data in terms consistent with many-nucleon the-
ory. Thus, we make little mention of the very sig-
nificant developments of the so-called M -scheme meth-
ods [75, 76], that enable shell-model calculation in huge
spaces. The huge no-core shell-model calculations in M -
scheme basis have contributed enormously to establishing
the foundations of nuclear structure theory in terms of
many-nucleon quantum mechanics which, in this paper,
are taken as understood. Also, because our concern is
primarily with the interpretation of collective states in
heavy nuclei, which are currently out of the reach of de-
tailed shell-model calculations, we make little mention
of the technology associated with the implementation
of shell-model calculations with general nucleon inter-
actions in a symplectic-model basis. We mention only
that several authors, notably Suzuki and Hecht [77, 78],
and Escher and Draayer [79], contributed to its devel-
opment. Particularly important has been the facility
to undertake multi-shell model calculations in a U(3)-
coupled basis; for this the most significant developments
were no doubt: the computer codes to determine U(3)
coupling and recoupling coefficients of Akiyama, Draayer
and Millener [80–82]; the SU(3)-reduced matrix pack-
ages of Braunschweig, Bahri and Draayer [83–85]; and
ultimately the impressively large calculations with real-
istic interactions in large multi-shell model spaces in a
U(3) × SU(2)Sn × SU(2)Sp ⊃ SU(3) × SU(2)J coupled
basis by Dytrych et al. [86–89].
VI. THE REPRESENTATION OF A
COLLECTIVE MODEL
The collective models have rich algebraic structures of
which little use was made in the original formulations
of the Bohr-Mottelson models. Indeed, they are often
described as geometric models to distinguish them from
purely algebraic models. This is not inappropriate be-
cause their physical content is most readily understood
in geometrical terms. However, the theories of geom-
etry, Lie groups and Lie algebras are very much inter-
twined. What is impressive is that, without explicit use
of their algebraic structures, the model representations
anticipated sophisticated developments in the theory of
Lie group and Lie algebra representations which sub-
sequently became important in identifying their micro-
scopic generalisations.
The most powerful procedure for constructing repre-
9sentations of a Lie group (or Lie algebra) is by extending
a representation of a subgroup (subalgebra) by the math-
ematical method of induced representations [90]. This
procedure has a counterpart in physics in terms of co-
herent state [91] and more general vector coherent state
(VCS) representations [92]. A remarkable relationship
between an induced representation and a unified collec-
tive model is that the irreps of the dynamical group for
the model are induced from a smaller group which defines
the intrinsic states of the model’s representations.
The standard theory of coherent-state representations
was developed by many [93–97] and is reviewed in
refs. [91, 98]. Its VCS extension was introduced [99, 100]4
specifically for the purpose of constructing irreps of the
symplectic model but was quickly found to have a wide
range of applications; cf. [102] and references therein.
VCS theory is intuitively natural from the perspective
of collective models in which richer models are obtained
by adding intrinsic degrees of freedom to a simpler model.
Thus, it is rewarding to discover its remarkable versatil-
ity in constructing representation of Lie algebras and Lie
groups in general and that the collective models serve as
prototypes for such applications.
A common property of collective models is that they
are defined by sets of intrinsic states and groups of trans-
formations of these states. Two types of representation
are prevalent in collective models: the first relates to
boson-expansion methods appropriate for models with vi-
brational degrees of freedom; the second relates to models
with rotational degrees of freedom. The prototype of a
vibrational coherent-state representation is given by the
Bargmann representation of a harmonic-oscillator [103].
The prototype of a rotational coherent-state representa-
tion is given by the rotor model.
A valuable property of coherent state and VCS meth-
ods is that they give expressions of microscopic collective
models in terms of the original collective models that they
replace. As a result, traditional practices for interpreting
nuclear properties in terms of collective models continue
to apply with some adjustment.
A. Generalised Bargmann representations
Recall that the states of a 1-dimensional harmonic os-
cillator span a unitary representation of a simple boson
algebra with raising and lowering operators, cˆ†, cˆ, that
satisfy the commutation relation
[cˆ, cˆ†] = 1, (26)
4 Partial coherent-state representations were also defined by Dee-
nen and Quesne [101].
and that orthonormal basis states for the harmonic os-
cillator are given by
|n〉 =
√
1
n!
(cˆ†)n|0〉, n = 0, 1, 2, . . . , (27)
where |0〉 is the boson vacuum state. Thus, an arbitrary
state of the harmonic oscillator is expressed in the form
|ψ〉 = f(cˆ†)|0〉, (28)
where f(cˆ†) is a function of the boson creation opera-
tor. In the Bargmann representation, a state |ψ〉 is repre-
sented by a wave function, that is a function of a complex
variable z, defined by the overlaps
|ψ〉 → Ψ(z) = 〈0|ezcˆ|ψ〉. (29)
The orthonormal basis states of equation (27) then have
the wave functions
|n〉 → Ψn(z) =
√
1
n!
zn, n = 0, 1, 2, . . . . (30)
The operation of a boson operator Xˆ, i.e., cˆ† or cˆ, on
these wave functions is defined by the equation
Γˆ(X)Ψn(z) = 〈0|ezcˆXˆ|n〉
= 〈0|(Xˆ + z[cˆ, Xˆ] + 12z2[cˆ, [cˆ, Zˆ]])ezcˆ|n〉. (31)
Thus, it is determined that
Γˆ(c†) = z, Γˆ(c) = d/dz. (32)
The same methods can be used to derive exact boson
expansions of other Lie algebras with raising and lowering
operators [104–106]. The simplest example, is for the
SU(2) Lie algebra, which has elements with commutation
relations
[S0, S±] = ±S±, [Sˆ+, Sˆ+] = 2S0. (33)
If |0〉 is a lowest-weight state for an SU(2) irrep of angular
momentum j, it is an eigenstate of Sˆ0 with eigenvalue −j.
A state |ψ〉 of the irrep then has a coherent-state wave
function defined as a function of a variable z by
Ψ(z) = 〈0|ezSˆ− |ψ〉. (34)
Thus the elements of the SU(2) Lie algebra have
coherent-state representations given, in accord with
equation (31), by
Γˆ(S−)Ψ(z) = 〈0|Sˆ−ezSˆ− |ψ〉 = d
dz
Ψ(z) (35)
Γˆ(S0)Ψ(z) = 〈0|
(
Sˆ− + zSˆ0
)
ezSˆ− |ψ〉
=
(
z
d
dz
− j
)
Ψ(z) (36)
Γˆ(S+)Ψ(z) = 〈0|
(
Sˆ+ − 2zSˆ0 − z2Sˆ−
)
ezSˆ− |ψ〉
=
(
2jz − z2 d
dz
)
Ψ(z). (37)
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This is the famous Dyson representation [107]. To make
use of it, one needs an orthonormal set of basis wave
functions relative to which the matrix elements of the
SU(2) Lie algebra operators can be calculated. A simple
K-matrix procedure has been developed for this purpose
[100, 108].
An orthonormal basis is defined to within normalisa-
tion factors as monomial functions
Ψjm(z) = kmz
j+m, (38)
where m = −j for the lowest-weight state and
Γˆ(S0)Ψjm(z) = mΨjm(z), (39)
as desired. Application of the raising operator in the
Dyson representation then gives
Γˆ(S+)Ψjm(z) = km(j −m)zj+m+1
=
km
km+1
(j −m)Ψj,m+1(z). (40)
Similarly, application of the lowering operator gives
Γˆ(S−)Ψj,m+1(z) = km+1(j +m+ 1)zj+m
=
km+1
km
(j +m+ 1)Ψjm(z). (41)
Thus, the SU(2) matrix elements are given by
〈j,m+ 1|Jˆ+|jm〉 = km
km+1
(j −m), (42)
〈jm|Jˆ−|j,m+ 1〉 = km+1
km
(j +m+ 1). (43)
It follows that, to satisfy the Hermiticity relationships
〈j,m+ 1|Jˆ+|jm〉 = 〈jm|Jˆ−|j,m+ 1〉∗ (44)
of a unitary representation, the norm factors have ratios∣∣∣∣km+1km
∣∣∣∣2 = j −mj +m+ 1 (45)
and we obtain the matrix elements
〈j,m± 1|Jˆ±|jm〉 =
√
(j ∓m)(j ±m+ 1) . (46)
The coherent-state construction of representations
works for many Lie algebras. For example, it works as
readily for the infinite-dimensional representations of the
non-compact SU(1,1) Lie algebra as for SU(2). One can
equally well start from a highest-weight state of a repre-
sentation as from a lowest-weight state.
B. Vector-coherent-state representations
A serious limitation of the above coherent-state con-
struction is that it apples only to Lie algebras for which
the raising (likewise the lowering) operators commute
with one another. For example, it does not apply to rep-
resentations of the SU(3) Lie algebra which comprises
two commuting U(1) operators, three non-commuting
raising operators and three non-commuting lowering op-
erators.
This obstacle is circumvented in a VCS representation
by using, instead of a single intrinsic state, a set of intrin-
sic states that carry a multi-dimensional representation
of an intrinsic-symmetry group. A simple example is the
extension of the Bargmann representation to a particle
with intrinsic spin states. A parallel collective-model ex-
ample, could be the extension of the Bohr model by the
addition of intrinsic states of non-zero vorticity. Indeed,
the Bohr-Mottelson unified model is seen from this per-
spective as a Bohr model with intrinsic nucleon states.
In a VCS representation, the SU(3) Lie algebra is seen
as comprising the four elements of a U(2) subalgebra, two
commuting raising operators {A1, A2} and two commut-
ing lowering operators {B1, B2}. One can then define an
orthonormal basis of highest-grade states {|α〉} for the
irrep which are a subset of states of the irrep that are
annihilated by the two commuting raising operators and
transform as basis vectors {ξα} for an irreducible U(2)
representation. The basis vectors {ξα} then serve as in-
trinsic states for an irreducible VCS SU(3) representation
in which a VCS wave function Ψ of a state |ψ〉 in an irre-
ducible SU(3) representation is a vector-valued function
of {z1, z2} coordinates defined by
Ψ(z) =
∑
α
ξα〈α|e
∑
i ziAˆi |ψ〉. (47)
The VCS construction has been shown to give explicit an-
alytical expressions for the matrix elements of the SU(3)
algebra [92] and indeed for the known representations
of this [109] and other SU(n) Lie algebras in canonical
U(n − 1) bases [110]. However, for applications to nu-
clear collective models the representations of SU(3) are
required in an SO(3)-coupled basis [111, 112] for which
the VCS representation of the rotor model provides a
prototype.
C. The representation of an asymmetric rotor
The Hilbert space HASR for a completely asymmetric
rigid rotor, with no intrinsic degrees of freedom, is the
space of all normalisable functions of the orientation an-
gles of a set of axes fixed in the body of the rotor relative
to a space-fixed set. The group of all rotations of a set of
axes is the group SO(3). Thus, HASR is spanned by the
set of all wave functions of the form
ψKLM (Ω) =
√
2L+ 1
8pi2
DLKM (Ω), Ω ∈ SO(3), (48)
in which DLKM , with L ≥ 0 taking integer values, is a
Wigner rotation-matrix function, and the wave functions
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are normalised with respect to the standard SO(3) vol-
ume element dΩ such that
〈KLM |K ′L′M ′〉 =
∫
ψ∗KLM (Ω)ψK′L′M ′(Ω) dΩ
= δK,K′δL,L′δM,M ′ . (49)
From a coherent-state perspective, the rotor is de-
scribed by an intrinsic state |φ〉 defined in the body-fixed
axes of the rotor and the wave function ψKLM is ex-
pressed as the overlap function
ψKLM (Ω) = 〈φ|Rˆ(Ω)|KLM〉, Ω ∈ SO(3). (50)
This expression is consistent with equation (48) as seen
from the expansion
ψKLM (Ω) =
∑
N
〈φ|KLN〉DLNM (Ω) (51)
in which, if the intrinsic wave function φ is a delta func-
tion in Ω,
〈φ|KLN〉 =
∫
φ∗(Ω)ψKLN (Ω) dΩ
=
√
2L+ 1
8pi2
δN,K . (52)
An advantage of the coherent state expression is that
the action of an SO(3) tensor operator, such as a
quadrupole moment operator Qˆ2ν , is immediately defined
on a rotor-model wave function by the observation that,
when the intrinsic axes of the rotor are the principal axes
of the quadrupole tensor,
Γˆ(Q2ν)ψKLM (Ω) = 〈φ|Rˆ(Ω)Qˆ2ν |KLM〉
=
∑
µ
〈φ|Qˆ2µRˆ(Ω)|KLM〉D2µν(Ω)
=
∑
µ
Q¯µD
2
µν(Ω)ψKLM (Ω). (53)
where {Q¯µ} are the quadrupole moments of the rotor in
the principal axes frame and are such that
〈φ|Qˆ2µ|ψ〉 = [δµ,0Q¯0 + (δµ,2 + δµ,−2)Q¯2]〈φ|ψ〉. (54)
Thus, the coherent-state method provides a systematic
procedure for deriving the standard rotor-model results
[113, 114]. This is particularly useful for rotors with in-
trinsic symmetries.
D. Rotors with intrinsic symmetry
In molecular physics, molecules with relatively well-
defined shapes are described as symmetric tops, when
two of their principal moments of inertia are equal, and
as asymmetric tops, when all three are different. In both
cases, rotations can occur about all three principal axes.
However, rotations of the molecule that leave its principal
axes invariant are regarded as intrinsic motions and the
set of such rotations form a group known as the intrinsic-
symmetry group of the molecule. Thus, the intrinsic sym-
metry group of a symmetric top is the group D∞ which
comprises SO(2) ⊂ SO(3) rotations about the symmetry
axis and rotations through angle pi about a perpendic-
ular axis. Likewise, an asymmetric top has an intrinsic
symmetry group D2 which comprises rotations through
multiples of pi about all of its principal axes.
To illustrate the significance of the intrinsic symmetry
group, we consider the representations of Ui’s rigid ro-
tor model. The Lie algebra of Ui’s model, discussed in
Section III A, contains 5 commuting quadrupole-moment
and 3 angular-momentum operators. An irreducible rep-
resentation of this algebra is induced by VCS methods
starting from a representation of the subalgebra contain-
ing the five quadrupole moments and the single angular-
momentum component L0, A basis for such a representa-
tion, σˆ, is given by an infinite set of intrinsic states {ξK},
with K taking all integer values and for which
σˆ(L0)ξK = KξK , σˆ(Q2 0)ξK = Q¯0ξK , (55a)
σˆ(Q2±2)ξK = Q¯2ξK±2. (55b)
However, to uniquely define an irreducible representation
of the rotor model, it is also necessary that the intrinsic
states transform in a well-defined way under all elements
of the intrinsic symmetry group D2. Transformation of
the {ξK} basis under rotations through angle pi about
the axis of quantisation is already given by
eipiσ(L0)ξK = e
ipiKξK . (56)
Because there are two irreducible representations of
the discrete subgroup of SO(3) generated by rotations
through an angle pi about an axis perpendicular to the
axis of quantization, we also specify that the intrinsic
states transform under such a rotation eipiσˆ(L⊥) accord-
ing to the equation
eipiσˆ(L⊥)ξK = ξK¯ , e
ipiσˆ(L⊥)ξK¯ = ξK , (57)
where the two irreducible representations are charac-
terised by the two possible sign relations ξK¯ = ±ξ−K .
(Note that for an odd-mass nucleus, K takes half-odd in-
teger values and changes sign under a 2pi rotation about
any axis; thus ξK¯ = ±iξ−K , where i =
√−1.)
These intrinsic states now serve as basis vectors for a
set of VCS wave functions
ψαLM =
∑
K
ξK〈K|Rˆ(Ω)|αLM〉
=
∑
KN
ξK〈K|αLN〉DLNM (Ω), Ω ∈ SO(3), (58)
for the rigid-rotor algebra, where the states {|K〉} are a
subset of states of the rotor that transform in the same
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way under D2 rotations as the intrinsic states {ξK}, i.e.,
Lˆ0|K〉 = K|K〉, Qˆ2 0|K〉 = Q¯0|K〉, (59a)
Qˆ2±2|K〉 = Q¯2|K ± 2〉. (59b)
It remains only to ensure that the consistency equations∑
K
σˆ(X)ξK〈K|Rˆ(Ω)|αLM〉
=
∑
K
ξK〈K|XˆRˆ(Ω)|αLM〉 (60)
are satisfied for X equal to any of the elements
{L0, Q2 0, Q2±2, eipiL⊥} that define the intrinsic states.
With the standard normalisations given by equation (48),
we then obtain the expression for the wave functions of
an asymmetric top
ΨKLM (Ω) =
√
2L+ 1
16pi2(1 + δK,0)
(61)
× {ξKDLKM (Ω) + (−1)L+KξK¯DL−KM (Ω)} ,
in the familiar rotor-model form.
These expression are readily extended to nuclear rota-
tional models with strongly-coupled spin degrees of free-
dom. However, for present purposes, they will be used
to provide a systematic procedure for the construction of
SU(3) representations in an SO(3)-coupled basis and for
their physical interpretation in rotor-model terms.
VII. REPRESENTATIONS OF SU(3) IN AN
SO(3) ANGULAR-MOMENTUM BASIS
A fortuitous result that underlies the success of El-
liott’s model [21] is that when the nuclear quadrupole
moments of Ui’s rotor model [34] {Qˆ2ν} are restricted
to the space of many-nucleon states of a single spherical
harmonic-oscillator energy, they become elements {Qˆ2ν}
of an SU(3) Lie algebra. This was shown in sect. IV A. It
follows that the states of an irreducible SU(3) representa-
tion are the projected images of rigid-rotor model states.
The SU(3) representations in multi-shell spaces also ac-
quire an enhanced significance as the building blocks of
the microscopic collective theory.
Because of its use as a shell-model coupling scheme, the
representation theory of SU(3) and associated technology
for its use have been well developed (see the review article
of Harvey [115] for early references). Most important was
the development of programs to calculate SU(3) Clebsch-
Gordan, Racah, and 9-λµ coefficients [80–82, 116–118];
which are freely available in both SU(2) and SO(3) bases
[80].
As defined in sect. IV A, the SU(3) algebra is a subal-
gebra of the U(3) algebra of operators {Cˆij , i, j = 1, 2, 3}
that satisfy the commutation relations
[Cˆij , Cˆkl] = δj,kCˆil − δi,lCˆjk. (62)
It contains angular-momentum and quadrupole operators
expressed in a spherical tensor basis by
Lˆ0 = Lˆ23, Lˆ±1 = ∓ 1√2 (Lˆ31 ± iL12), (63a)
Qˆ2,0 = 2Qˆ11 − Qˆ22 − Qˆ33, (63b)
Qˆ2,±1 = ∓
√
6 (Qˆ12 ± iQˆ13), (63c)
Qˆ2,±2 =
√
3
2 (Qˆ22 − Qˆ33 ± 2iQˆ23), (63d)
where
Lˆij = −i(Cˆij − Cˆji), Qˆij = 12
(Cˆij + Cˆji). (64)
The SU(3) algebra is finite and semi-simple, and its ir-
reducible representations are easily constructed. They
were determined by numerical methods [21, 119] within
the framework of the shell model for light nuclei, and
subsequently derived by the algebraic methods of VCS
theory [111].
This section reviews a version [102] of the VCS con-
struction in basis states that relate directly to those of
Ui’s rigid-rotor model. In this construction, the SU(3)
quadrupole moments {Qν} are represented as operators
Γˆ(Q2ν) = (2λ+ µ+ 3)Dˆ20ν − 12
[
Lˆ · Lˆ, Dˆ20ν
]
+
√
6
(
σˆ+Dˆ
2
2ν + σˆ−Dˆ
2
−2,ν
)
, (65)
on linear combinations of rotor-model wave functions of
the form
Φ
(λµ)
KLM (Ω) =
√
2L+ 1
16pi2(1 + δK,0)
(66)
× (ξKDLKM (Ω) + (−1)λ+L+Kξ−KDL−K,M (Ω)),
in which Dˆ2µν is an operator that acts multiplicatively,
i.e.,
Dˆ2µνΨ(Ω) = D
2
µν(Ω) Ψ(Ω), (67)
and σˆ0, σˆ± are operators that act on the intrinsic-spin
states according to
σˆ0ξK =
1
2K ξK , (68a)
σˆ±ξK = 12
√
(µ∓K)(µ±K + 2) ξK±2. (68b)
A significant property of equation (65) is that, if it
were not for the term 12
[
Lˆ · Lˆ, Dˆ20ν
]
which is of negligi-
ble importance when Γˆ(Q2,ν) acts on states of angular
momentum L 2λ+ µ+ 3, the properties of the SU(3)
states including their wave functions and matrix elements
would be those of a rigid-rotor, albeit with K limited to
the range K = µ, µ−2, . . . , 1 or 0 of an SU(2) representa-
tion as defined by equation (68). However, as the angular
momentum increases and becomes non-negligible in com-
parison with 2λ+µ+ 3, the 12
[
Lˆ · Lˆ, Dˆ20ν
]
term becomes
of increasing importance and results in the termination
of the rotation-like bands to those of a finite-dimensional
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SU(3) representation. Thus, although the Γˆ(Q2ν) opera-
tors have well-defined actions on the infinite-dimensional
space of the rigid-rotor wave functions of equation (66),
they generate the finite-dimensional subspace of an SU(3)
irrep when applied repeatedly to any wave function that
lies within the irreducible SU(3) subspace of rotor-model
wave functions. This is illustrated in Subsection VII D
for (λ 0) and (λ 1) representation for which the SO(3)-
reduced matrix elements of the SU(3) quadrupole tensor
have simple analytical expressions.
For a generic representation with µ > 1, there are mul-
tiple states of a given angular momentum L in the repre-
sentation and K is no longer a precise quantum number.
However, one can construct an orthogonal basis within
the space of states of a common L by first diagonalising
the easily calculated matrix of SO(3)-reduced matrix ele-
ments of the SU(3) quadrupole operator restricted to this
space. It then only remains to renormalise these states
as for multiplicity-free representations to obtain an or-
thonormal basis and the matrix elements of a unitary
representation.
Note that a pair of so-called contragredient SU(3) rep-
resentations (λµ) and (µλ) have complete sets of matrix
elements that differ only in that their quadrupole matrix
elements have opposite sign. Thus, it is sufficient to de-
termine the representations with λ ≥ µ to obtain those
for both λ ≥ µ and λ < µ.
The following Subsections give derivations and details
of the above results.
A. VCS wave functions for SU(3) in a rotor-model
basis
An irreducible representation of SU(3) is characterised
by a highest-weight state |λµ〉, which is a state that is
annihilated by the three raising operators Cˆ12, Cˆ13 and
Cˆ23, and is an eigenstate of the operators
hˆ1 = Cˆ11 − Cˆ22, hˆ2 = Cˆ22 − Cˆ33; (69)
it satisfies the equations
Cˆ12|λµ〉 = Cˆ13|λµ〉 = Cˆ23|λµ〉 = 0, (70a)
hˆ1|λµ〉 = λ|λµ〉, hˆ2|λµ〉 = µ|λµ〉. (70b)
A first step in the construction of a VCS representation
of SU(3) extends this highest-weight state |λµ〉 to a set
of so-called highest-grade states. These are states that
are annihilated by the commuting Cˆ12 and Cˆ13 raising op-
erators, but not by Cˆ23, and are a basis for an irreducible
representation of a U(2) ⊂ SU(3) subalgebra. This U(2)
sualgebra contains the U(1) element
Qˆ2,0 = 2hˆ1 + hˆ2, (71)
and elements Lˆ0 and Qˆ2,±2 that commute with Qˆ2,0. The
latter elements satisfy the SU(2) commutation relations
[Lˆ0, Qˆ2,±2] = ±2Qˆ2,±2, [Qˆ2,2, Qˆ2,−2] = 6Lˆ0, (72)
and can be identified with standard SU(2) spin operators
Lˆ0 ≡ 2σˆ0, Qˆ2,±2 ≡
√
6 σˆ±, (73)
with commutation relations
[σˆ0, σˆ±] = ±σˆ±, [σˆ+, σˆ−] = 2σˆ0. (74)
Thus, the U(2) representation on the highest-grade states
follows directly from the well-known representations of
the SU(2) spin algebra.
Let {|(λµ)K〉} denote an orthonormal basis of highest-
grade states for a U(3) representation defined by the
equations
Cˆ1j |(λµ)K〉 = 0, for j = 2, 3, (75)
Lˆ0|(λµ)K〉 = K|(λµ)K〉, (76)
for K = − 12µ,− 12µ+ 1, . . . , 12µ,
and let {ξK} denote an equivalent set of spin states. The
relationship (73) then implies that these spin states sat-
isfy the equations
σˆ0ξK =
1
2K ξK , (77a)
σˆ±ξK = 12
√
(µ∓K)(µ±K + 2) ξK±2, (77b)
σˆ(Q2,0)ξK = (2λ+ µ)ξK , (77c)
and that the highest-grade states satisfy the correspond-
ing equations
Lˆ0|(λµ)K〉 = K|(λµ)K〉, (78a)
Qˆ2,±2|(λµ)K〉
=
√
3
2 (µ∓K)(µ±K + 2) |(λµ)K ± 2〉, (78b)
Qˆ2,0|(λµ)K〉 = (2λ+ µ)|(λµ)K〉. (78c)
Now recall that the states of an irreducible SU(3) rep-
resentation are linear combinations of the states obtained
by rotating a suitable highest-weight state through all an-
gles [21]. They are also obtained, with considerable re-
dundancy, by rotation of the highest-grade states. Thus,
the highest-grade states serve as intrinsic states for rotor-
like VCS representations of the U(3) model. It follows
that, an arbitrary state |(λµ)αLM〉 of the desired SU(3)
representation is defined by the overlap functions
ψ
(λµ)
KαLM (Ω) = 〈(λµ)K|Rˆ(Ω)|(λµ)αLM〉, (79)
of an SO(3) rotational angle Ω. In a VCS representation,
these overlap functions are regarded as components of a
vector-valued function for which the elements of the set
{ξK} are basis vectors. The state |(λµ)αLM〉 is then
represented by a VCS wave function
Ψ
(λµ)
αLM (Ω) =
∑
K
ξK〈(λµ)K|Rˆ(Ω)|(λµ)αLM〉
=
∑
K
ξK〈(λµ)K|(λµ)αLK〉DLKM (Ω), (80)
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which resembles a rotor-model wave function for which
the wave functions {ξK} are interpreted as the intrinsic
wave functions of rotational bands. Moreover, in paral-
lel with the rotor model, there are intrinsic symmetries,
relating to the above-mentioned redundancies, that re-
strict the combinations of ξKDLKM (Ω) in equation (80)
to a linearly-independent set.
The relevant intrinsic symmetry group, is the subset
of SO(3) rotations that leave the space of highest-grade
states invariant. It is the group D∞ generated by the
rotations {eiαLˆ0 ; 0 ≤ α < 2pi} and eipiLˆy , where Lˆy is
an angular-momentum operator perpendicular to Lˆ0, for
which
e−iαLˆ0 |(λµ)K〉 = e−iαK |(λµ)K〉, (81a)
e−ipiLˆy |(λµ)K〉 = (−1)λ|(λµ),−K〉, (81b)
(the second equation was determined by explicit con-
struction of the {|(λµ)K〉} states). Together with the
identities labeleq:6.Dfns
DLKM (α, 0, 0) = e
−iαKδM,K , (82a)
DLKM (0, pi, 0) = (−1)L+KδM,−K , (82b)
these intrinsic symmetries imply that
〈(λµ),−K|(λµ)αL,−K〉
= 〈(λµ),−K|e−ipiLˆy |(λµ)K〉〈(λµ)K|eipiLˆy |(λµ)αL,−K〉
= (−1)λ+L+K〈(λµ)K|(λµ)αLK〉. (83)
It follows that an orthonormal basis of VCS wave func-
tions for the irreducible SU(3) representation (λµ) con-
sists of linear combinations
Ψ
(λµ)
αLM (Ω) =
∑
K≥0
Φ
(λµ)
KLM (Ω)K(L)Kα, (84)
where Φ
(λµ)
KLM is the rotor-model wave function given by
equation (66), and the K(L)Kα coefficients remain to be de-
termined.
B. VCS representation of the SU(3) Lie algebra
The VCS representation Γˆ(X) of an element X in the
SU(3) Lie algebra is defined as an operator on VCS wave
functions, by the equation
Γˆ(X)Ψ
(λµ)
αLM (Ω) =
∑
K
ξK〈(λµ)K|Rˆ(Ω)Xˆ|(λµ)αLM〉.
(85)
This immediately returns the expected expressions
Γˆ(L0)Ψ
(λµ)
αLM (Ω) = MΨ
(λµ)
αLM (Ω), (86)
Γˆ(L±)Ψ
(λµ)
αLM (Ω) =
√
(L∓M)(L±M + 1) Ψ(λµ)αL,M±1(Ω),
(87)
for the angular-momentum operators. The VCS repre-
sentation of the SU(3) quadrupole operators is defined
by the equation
Γ(Q2,ν)Ψ(λµ)αLM (Ω) =
∑
K
ξK〈(λµ)K|Rˆ(Ω)Qˆ2,ν |(λµ)αLM〉
=
∑
Kν′
ξK〈(λµ)K|Qˆ2,ν′Rˆ(Ω)|(λµ)αLK〉D2ν′ν(Ω).
(88)
By making the substitutions
〈(λµ)K|Qˆ2,0 = (2λ+ µ)〈(λµ)K|, (89a)
〈(λµ)K|Qˆ2,±1 = −
√
3
2 〈(λµ)K|Lˆ±, (89b)∑
K
ξK〈(λµ)K|Qˆ2,±2 =
√
6 σˆ±
∑
K
ξK〈(λµ)K|, (89c)
of which the first two are obtained from eqs. (63)–(64)
and the observation from (75) that
〈(λµ)K|Cˆ21 = 〈(λµ)K|Cˆ31 = 0 (90)
and the third is obtained from a comparison of equations
(78) and (68), it follows that∑
K
ξK〈(λµ)K|Qˆ2,0Rˆ(Ω)|(λµ)αLM〉
= (2λ+ µ)Ψ
(λµ)
αLM (Ω), (91a)∑
K
ξK〈(λµ)K|Qˆ2,±1Rˆ(Ω)|(λµ)αLM〉
= −
√
3
2 L¯±Ψ
(λµ)
αLM (Ω), (91b)∑
K
ξK〈(λµ)K|Qˆ2,±2Rˆ(Ω)|αLM〉
=
√
6 σˆ±Ψ
(λµ)
αLM (Ω), (91c)
where L¯± are infinitesimal generators of left rotations.
Their actions, defined by[
L¯kD
L
KM
]
(Ω) = 〈LK|LˆkRˆ(Ω)|LM〉
=
∑
N
〈LK|Lˆk|LN〉DLNM (Ω), (92)
give the expressions, familiar in the nuclear rotor model,
L¯0D
L
KM = KD
L
KM , (93a)
L¯±DLKM =
√
(L±K)(L∓K + 1)DLK∓1,M . (93b)
Thus, equations (88) and (91) lead to the expression
Γˆ(Q2,ν) = (2λ+ µ)Dˆ20ν −
√
3
2
(
Dˆ21νL¯+ + Dˆ
2
−1νL¯−
)
+
√
6
[
σˆ+Dˆ
2
2ν + σˆ−Dˆ
2
−2ν
]
(94)
which simplifies, by use of the identity[
Lˆ2, Dˆ20ν
]
= 6Dˆ20ν + 2
√
3
2
[
Dˆ21νL¯+ + Dˆ
2
−1νL¯−
]
, (95)
to equation (65).
15
C. SU(3) transformations of rotor-model wave
functions
The transformations of the rotor-model wave functions
(66) by the Γˆ(Q2ν) operators given by equation (65) are
determined by use of the equations[
Dˆ20 ⊗DLK
]
L′M ′
= (LK 20|L′K)DL′KM ′ , (96)[
σˆ±Dˆ2±2 ⊗ ξKDLK
]
L′M ′
≡ σˆ±ξK
[
Dˆ2±2 ⊗DLK
]
L′M ′
= 12
√
(µ∓K)(µ±K + 2)
× (LK 2,±2|L′,K ± 2) ξK±2DL′K±2,M ′ , (97)
from which it follows that
[Γˆ(Q2)⊗Φ(λµ)KL ]L′M ′ =
√
2L+ 1
2L′ + 1
∑
K′≥0
Φ
(λµ)
K′L′M ′M
L′L
K′K
(98)
with
ML
′L
KK =
[
(2λ+µ+ 3)− 12L′(L′ + 1) + 12L(L+ 1)
]
× (LK 20|L′K) (99a)
+ δK,1 (−1)λ+L+1
√
3
2 (µ+ 1)(L,−1 22|L′1),
ML
′L
K±2,K =
√
3
2 (µ∓K)(µ±K + 2)(1 + δK,0))
× (LK 2,±2|L′,K±2). (99b)
D. SO(3)-reduced matrix elements for SU(3)
representations of type (λ0) and (λ1)
SO(3)-reduced matrix elements are now obtained from
the expression
[Γˆ(Q2)⊗Ψ(λµ)αL ]L′M ′ =
∑
β
Ψ
(λµ)
βL′M ′
〈β(λµ)L′‖Qˆ2‖(λµ)L〉√
2L′ + 1
(100)
of the Wigner-Eckart theorem in an orthonormal basis.
For a (λ 0) representation, for which the multiplicity
index α of an SU(3) wave function Ψ
(λ 0)
αLM is not needed,
K = 0 is a good quantum number and an orthonormal
set of basis wave functions is of the form
Ψ
(λ0)
LM = kLΦ
(λ0)
0LM , (101)
where kL is a norm factor and L is restricted to even or
odd integers according as λ is even or odd. Equations
(65) and (98) then lead to the reduced matrix elements
〈(λ 0)L′‖Qˆ2‖(λ 0)L〉 = kL
kL′
√
2L+ 1 (L0 20|L′0)
× [(2λ+3)− 12L′(L′ + 1) + 12L(L+ 1)] (102)
and
〈(λ 0)L‖Qˆ2‖(λ 0)L〉 =
√
2L+ 1
× (2λ+3)(L0 20|L0), (103a)
〈(λ 0)L+2‖Qˆ2‖(λ 0)L〉 = 2 kL
kL+2
√
2L+ 1 (λ− L)
× (L0 20|L+2, 0), (103b)
〈(λ 0)L‖Qˆ2‖(λ 0)L+2〉 = 2kL+2
kL
√
2L+ 5 (λ+ L+ 3)
× (L+2, 0 20|L0)
= 2
kL+2
kL
√
2L+ 1 (λ+ L+ 3)(L0 20|L+2, 0). (103c)
Thus, to satisfy the Hermiticity relations, as required for
a unitary representation,
〈(λ 0)L′‖Qˆ2‖(λ 0)L〉 = 〈(λ 0)L‖Qˆ2‖(λ 0)L′〉∗ (104)
the norm factors must have ratios∣∣∣kL+2
kL
∣∣∣2 = λ− L
λ+ L+ 3
. (105)
It follows that, for L ≤ λ,
〈(λ 0)L+ 2‖Qˆ2‖(λ 0)L〉 = 〈(λ 0)L‖Qˆ2‖(λ 0)L+ 2〉
=
[
4(2L+ 1)(λ− L)(λ+ L+ 3)] 12 (L0 20|L+ 2, 0)
(106)
and the sequence of increasing angular-momentum states
terminates at L = λ.
For a (λ 1) representation, one similarly obtains
〈(λ 1)L‖Qˆ‖(λ 1)L〉 = √2L+ 1 (107a)
×
[
(2λ+ 4)(L1 20|L0)− (−1)λ+L
√
6(L,−1 22|L1)
]
,
〈(λ 1)L+1‖Qˆ‖(λ 1)L〉 = √2L+ 1 (L1 20|L+1, 1)
× [2λ− L+ 3 + (−1)λ+L(L+ 1)] 12
× [2λ+ L+ 5− (−1)λ+L(L+ 1)] 12 , (107b)
〈(λ 1)L+2‖Qˆ‖(λ 1)L〉 = √2L+ 1 (L1 20|L+2, 1)
× [2λ− 2L+ 1− (−1)λ+L] 12
× [2λ+ 2L+ 7− (−1)λ+L] 12 , (107c)
consistent with the termination of the sequence of states
at L = λ+ 1.
E. SO(3)-reduced matrix elements for SU(3)
representations (λ, µ) with µ > 1
The above multiplicity-free examples, highlight the
fact that the Hermiticity relationships make it straight-
forward to renormalise an orthogonal basis to obtain
an orthonormal basis. An orthogonal basis for an ir-
reducible representation of SU(3) can be defined gener-
ally by the eigenstates of the SO(3)-invariant operator
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Xˆ3 = [Lˆ⊗ Qˆ2 ⊗ Lˆ]0 (or for a closer relationship with the
rotor model, as discussed in the following section, by a
particular linear combination of the SO(3)-invariants Xˆ3
and Xˆ4 = [Lˆ⊗ [Qˆ ⊗ Qˆ]2 ⊗ Lˆ]0).
For an orthonormal basis of eigenstates of the operator
Xˆ3 = [Lˆ⊗ Qˆ2 ⊗ Lˆ]0, the VCS wave functions satisfy the
equation
Γˆ(X3)Ψ
(λµ)
αLM = Ψ
(λµ)
αLM
〈(λµ)αL‖[Lˆ⊗ Qˆ2 ⊗ Lˆ]0‖(λµ)αL〉√
2L+ 1
= Ψ
(λµ)
αLMf(L)〈(λµ)αL‖Qˆ2‖(λµ)αL〉,
(108)
with f(L) =
√
L(L+ 1)(2L− 1)(2L+ 3). This implies
that the reduced matrix elements 〈(λµ)βL′‖Qˆ2‖(λµ)αL〉,
defined by the Wigner-Eckart theorem (100), should be
diagonal when L′ = L, i.e., vanish if L′ = L but β 6= α.
The first step of a so-called K-matrix transformation
Ψ
(λµ)
αLM (Ω) =
∑
K
Φ
(λµ)
KLM (Ω)KLKα, (109)
to an orthonormal basis {Ψ(λµ)αLM} is to construct an or-
thogonal set of functions {Φ(λµ)αLM} (with Greek index α)
by a unitary transformation
Φ
(λµ)
αLM =
∑
K
Φ
(λµ)
KLMU
L
Kα, (110)
of the rotor-model wave functions {Φ(λµ)KLM} of equation
(66), where UL is the unitary matrix that diagonalises
the matrix MLL given by equations (99a) and (99b). It
then only remains to renormalise this set to obtain or-
thonormal basis states, with VCS wave functions
Ψ
(λµ)
αLM = k
L
αΦ
(λµ)
αLM , (111)
that satisfy the Hermiticity relations
〈(λµ)βL′‖Qˆ2‖(λµ)αL〉
= (−1)L′−L〈(λµ)αL‖Qˆ2‖(λµ)βL′〉∗ (112)
of a unitary representation.
An expansion of the left side of equation (100) gives
[Γˆ(Q2)⊗Ψ(λµ)αL ]L′M ′
= kLα
∑
K
[Γˆ(Q2)⊗ Φ(λµ)KL ]L′M ′ULKα (113)
and, with (98) followed by the inverse of (110),
[Γˆ(Q2)⊗Ψ(λµ)αL ]L′M ′
= kLα
√
2L+ 1
2L′ + 1
∑
KK′
Φ
(λµ)
K′L′M ′M
L′L
K′KU
L
Kα
= kLα
√
2L+ 1
2L′ + 1
∑
βKK′
Φ
(λµ)
βL′M ′U
L′∗
K′βM
L′L
K′KU
L
Kα. (114)
This gives
[Γˆ(Q2)⊗Ψ(λµ)αL ]L′M ′ =
√
2L+ 1
2L′ + 1
∑
β
kLα
kL
′
β
Ψ
(λµ)
βL′M ′
×
∑
KK′
UL
′∗
K′βM
L′L
K′KU
L
Kα, (115)
and, from the Wigner-Eckart theorem (100), the reduced
matrix element
〈(λµ)βL′‖Qˆ2‖(λµ)αL〉 = k
L
α
kL
′
β
√
2L+ 1ML′Lβα . (116)
with
ML′Lβα =
∑
K,K′
UL
′∗
K′βM
L′L
K′KU
L
Kα. (117)
It likewise follows that
〈(λµ)αL‖Qˆ2‖(λµ)βL′〉 =
kL
′
β
kLα
√
2L′ + 1MLL′βα . (118)
Thus, to satisfy the Hermiticity equation (112), it is re-
quired that
kLα
kL
′
β
√
2L+ 1ML′Lβα = (−1)L−L
′ kL
′
β
kLα
√
2L′ + 1MLL′∗βα ,
(119)
which means that the renormalisation coefficients have
ratios given by(
kLα
kL
′
β
)2
= (−1)L−L′
√
2L′ + 1
2L+ 1
MLL′∗βα
ML′Lαβ
. (120)
The ratios found in this expression are easily deter-
mined recursively, starting from the state of the repre-
sentation of angular momentum L = 0 or L = 1, which is
always multiplicity free and for which one can set kL = 1.
This expression yields normalisation factors kLα for those
states with non-vanishing norms within the SU(3) repre-
sentation under construction while those states for which
kLα vanishes are simply discarded.
VIII. MACROSCOPIC LIMITS OF THE SU(3)
MODEL
Large-dimensional limits of the SU(3) model have been
considered by many authors [112, 120–125]. In such lim-
its, the properties of an SU(3) representation asymptot-
ically approach those of a rigid-rotor model. We refer to
these, and more precise limits brought to light by VCS
representations [111, 112], as macroscopic limits. They
are easily calculated and are valuable for assessing the
relevance of particular SU(3) representations in poten-
tial applications, e.g., as discussed in Section XI A. This
section examines the intimate relationship between the
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rigid-rotor and the SU(3) model in its macroscopic limits
and shows how closely accurately-computed results for
finite-dimensional SU(3) representations approach their
asymptotic limits.
It is first shown that, in the limit in which the value of
its Casimir invariant is large, an irreducible representa-
tion of the SU(3) algebra contracts to that of a rigid-rotor
model with intrinsic quadrupole moments
Q¯0 = (2λ+ µ+ 3), Q¯2 =
√
3
2 (µ+ 1). (121)
It is then shown that an exceedingly close approach of
SU(3) states to rotor-model states with integer-valued K
quantum numbers is given by eigenstates of the operator
Zˆ(λµ) = [Lˆ⊗[Qˆ2⊗Qˆ2]2⊗Lˆ]0−
√
8
7 Q¯0[Lˆ⊗Qˆ2⊗Lˆ]0. (122)
It is also shown that precise SU(3) matrix elements are
approached rapidly for L/λ . 0.4 by those of a rotor
with the intrinsic quadrupole moments given by equa-
tion (121) and, as shown in Subsection VIII C, even more
rapidly by the asymptotic expressions
〈(λµ)KL‖Qˆ2‖(λµ)KL〉(AL) =
√
2L+ 1 (123a)
× (LK 20|LK)(Q¯0 + δK,1∆LL),
〈(λµ)K,L+1‖Qˆ2‖(λµ)KL〉(AL) =
√
2L+ 1 (123b)
× (LK 20|L+1,K)[(Q¯0 + δK,1∆L+1,L)2 − (L+ 1)2] 12 ,
〈(λµ)K,L+2‖Qˆ2‖(λµ)KL〉(AL) =
√
2L+ 1 (123c)
× (LK 20|L+2,K)[(Q¯0 + δK,1∆L+2,L)2 − (2L+ 3)2] 12 ,
〈(λµ)K+2,L′‖Qˆ2‖(λµ)KL〉(AL) =
√
2L+ 1 (123d)
× (LK 22|L′,K+ 2)[ 32 (µ−K)(µ +K + 2)(1 + δK,0)]
1
2 ,
where Q¯0 = 2λ+ µ+ 3 and
∆L
′L = (−1)λ+L+1
√
3
2 (µ+ 1)
(L,−1 22|L′1)
(L1 20|L′1)
= ∆LL
′
. (124)
A. Contraction of an SU(3) irrep
A standard contraction [48] of the SU(3) Lie algebra is
obtained with renormalised quadrupole moments
q2ν = εQ2ν , (125)
where ε is a small parameter. In terms of these
quadrupole moments, the SU(3) commutation relations
become
[Lk, Lk′ ] =
√
2 (1k′ 1k|1, k + k′)Lk+k′ , (126a)
[Lk, q2,ν ] =
√
6 (2ν 1k|2, ν + k) q2,ν+k . (126b)
[q2ν , q2µ] = −3
√
10 (2µ 2ν|1, µ+ ν) ε2Lµ+ν
= O(ε2). (126c)
The circumstances under which this contraction is re-
alised are obtained by setting ε2 = 1/I2(λµ) [38, 120],,
where
I2(λµ) = 〈Qˆ2 · Qˆ2 + 3Lˆ · Lˆ〉
= 4(λ2 + λµ+ µ2 + 3λ+ 3µ) (127)
is the value of the SU(3) Casimir invariant for the rep-
resentation (λµ), it follows that the {q2ν} quadrupole
moments of states of angular momentum L, for which
3L(L+ 1) I2(λµ), are normalised such that
〈qˆ2 · qˆ2〉 = ε2〈Qˆ2 · Qˆ2〉 ≈ 1. (128)
However, the commutators [q2,ν , q2,µ] = O(ε
2) become
negligible. Thus, as ε → 0, the SU(3) Lie algebra con-
tracts to that of the rotor algebra (see Section III A) with
commuting quadrupole operators. The physical signifi-
cance of this contraction is that states of low angular
momentum of a large-dimensional irreducible SU(3) rep-
resentation, for which ε  1, are expected to exhibit
rotor-model properties,
The deformation parameters of the rotor model to
which a given SU(3) representation contracts [123, 124,
126], are obtained by comparing the shape invariants
Q2 · Q2 and [Q2 ⊗ Q2 ⊗ Q2]0 of a rotor with the cor-
responding SU(3) Casimir invariants. For a rotor with
intrinsic quadrupole moments
Q¯0 = β cos γ, Q¯2 =
√
1
2 β sin γ, (129)
these invariant are given by
Q2 ·Q2 = β2,
√
70 [Q2 ⊗Q2 ⊗Q2]0 = −2β3 cos 3γ.
(130)
It is then determined that, with the intrinsic quadrupole
moments
Q¯0 = (2λ+ µ+ 3), Q¯2 =
√
3
2 (µ+ 1), (131)
the rotor-model invariants take the values
Q2 ·Q2 = (2λ+ µ+ 3)2 + 3µ(µ+ 2)
= 4(λ2 + λµ+ µ2 + 3λ+ 3µ+ 3), (132)√
70 [Q2 ⊗Q2 ⊗Q2]0
= −8(2λ+ µ+ 3)(λ− µ)(λ+ 2µ+ 3), (133)
which, with neglect of the constant 3 on the right side
of equation (132), are the values of the SU(3) Casimir
invariants Iˆ2 and Iˆ3.
B. The K quantum number
Given the close relationship between the SU(3) and ro-
tor models, it was natural to seek an optimal one-to-one
correspondence between states of an irreducible SU(3)
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representation and a subset of rotor model states with
good K quantum numbers. Rosensteel, Leschber and col-
leagues [123, 127] suggested that the SU(3) states of the
corresponding pairs should be eigenstates of some linear
combination of the SO(3)-invariant operators [Lˆ⊗ Qˆ2 ⊗
Lˆ]0 and [Lˆ⊗[Qˆ⊗Qˆ]2⊗Lˆ]0. This proved to be correct [128]
and, as this section shows, gives useful canonical SO(3)-
coupled bases for irreducible SU(3) representations with
extraordinarily good K quantum numbers.
It has been shown [128] that rotor model states with
good K quantum numbers and for which the intrinsic
quadrupole moments take the constant K-independent
values
〈ξK |Qˆ2,0|ξK〉 = Q¯0, 〈ξK±2|Qˆ2,±2|ξK〉 = Q¯2, (134)
are eigenstates of the operator
Zˆ(rot) = [Lˆ⊗[Qˆ2⊗Qˆ2]2⊗Lˆ]0−
√
8
7 Q¯0[Lˆ⊗Qˆ2⊗Lˆ]0. (135)
This was shown by observing that, for such a generally
triaxial rotor, the ratios
R(K ′, L,K) =
〈K ′L‖[Qˆ2 ⊗ Qˆ2]2‖KL〉
〈K ′L‖Qˆ2‖KL〉
(136)
have the L- and K-independent off-diagonal values
R(K + 2, L,K) =
√
8
7 Q¯0, (137)
for all L and K. This implies that standard rotor-model
states {|KLM〉}, with good K quantum numbers, are
eigenstates of the operator Zˆ(rot) of (135). Thus, an ap-
proach of an SU(3) state of angular momentum L to a
state with a good K quantum number, which becomes
precisely that of the rotor model in a λ/L → ∞ asymp-
totic limit, can be defined as an eigenstate of the operator
Zˆ(λµ) of equation (122).
Recall that SU(3) states with the same L,M angular-
momentum values were distinguished in the VCS con-
struction of Section VII E by choosing them to be eigen-
states of the third-order SO(3)-invariant operator [Lˆ ⊗
Qˆ2⊗ Lˆ]0. Thus, to obtain SU(3) states corresponding to
rotor-model states with good K quantum numbers, one
has simply to adjust the VCS construction by replacing
this operator with the linear combination Zˆ(λµ) of the
third- and fourth-order SO(3) invariants. There should
then be far less mixing of rotor model wave functions in
the construction of orthonormal SU(3) states. The mean
values of the K quantum numbers,
〈K〉αL =
∑
K
K |KLKα|2, (138)
where {KLKα} are the coefficients in the expansion (109)
for a range of SU(3) eigenstates of Zˆ(λµ) are shown in
Table I for two SU(3) representations, (70 6) and (70 7),
typical of those appropriate for rare-earth nuclei and one,
(10 4), that is more typical for a light nucleus. They
are seen to be astonishingly close to corresponding in-
teger rotor-model values with the exception of those for
a few states in the upper angular-momentum reaches of
the finite-dimensional SU(3) bands. Also shown are the
quadrupole moments of these states in comparison with
their rotor-model values.
It will be noted that the rotor contraction limit is ex-
pected to be valid when both λ/L and µ/L take large
values. However, assuming that λ ≥ µ, the asymptotic
limit only requires λ/L to be large. Results are shown for
both even and odd values of µ because it is known that
in the rotor-model description of a K = 1 band, which
occurs only in SU(3) for odd µ, the matrix elements of
the quadrupole operators connect intrinsic states with
K = ±1 and, as a consequence, show different proper-
ties to those of other bands. It is in fact necessary to
include the cross-over intrinsic terms in both the precise
and asymptotic limits to get the good agreement shown
in Table I.
Results are shown for large values of λ and small values
of µ, typical of the values appropriate for applications in
rare-earth nuclei. They are also shown for a (10 4) rep-
resentation for which one would not expect the results of
the contraction limit to be accurate for any but the low-
est values of L. Thus, it is quite remarkable to discover
the extent to which K remains a good quantum number
for this representation until the point at which the bands
reach their upper bounds; i.e., for L ≤ 10 for the (10 4)
representation.
C. Comparison of asymptotic and exact SU(3)
matrix elements
The results of Table I show that, when orthonormal
basis states for an SU(3) irrep are given by eigenstates
of the Hermitian operator Zˆ(λµ), the K quantum num-
bers are defined and rapidly approach the integer val-
ues matching those of the rotor model for even modestly
large values of λ/L. Thus, one obtains asymptotic limits,
that should be more accurate than the contraction limits,
from the observation that the SU(3) wave functions are
given accurately to within normalisation factors by good
K rotor-model wave functions. The asymptotic limits
that result are given by equations (123)-(124). In fact,
the contraction and asymptotic limits of the diagonal ma-
trix elements 〈(λµ)KL‖Qˆ2‖(λµ)KL〉 coincide and both
are given by equation (123a).
Transition matrix elements, given by the rotor contrac-
tion and the higher-order asymptotic expressions (123b)-
(124), are compared with accurately computed matrix
elements in Table II, again for the irreps (70 6), (70 7)
and (10 4). For the large in-band transitions, the matrix
element of the rotor contraction limit are seen to be re-
markably accurate and the higher-order asymptotic limit
are as good as exact for all matrix elements shown with
the only exceptions being for the ∆L = 1 in-band tran-
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TABLE I: Comparison of the K quantum number and diag-
onal quadrupole matrix element 〈(λµ)αL‖Qˆ2‖(λµ)αL〉 com-
puted precisely and in their rotor-model limits. The K quan-
tum number is denoted by K
(rot)
αL in the rotor-model limit for
a state |(λµ)αLM〉 and its mean value in the corresponding
SU(3) state is denoted by 〈K〉αL. The quadrupole matrix
elements are denoted by 〈Qˆ〉(rot)αL for the contraction (rotor)
limit given by equation (123a), and by 〈Qˆ〉(su3)αL when com-
puted precisely.
(λ µ) α L 〈Qˆ〉(rot.)αL 〈Qˆ〉(su3)αL K(rot)αL 〈K〉αL
(70 6) 1 0 0 0 0 0.000
2 2 178.089 178.089 2 2.000
3 4 318.937 318.937 4 4.000
4 6 425.927 425.927 6 6.000
1 30 −582.098 −582.193 0 0.000
2 30 −574.587 −574.609 2 2.000
3 30 −552.055 −552.050 4 4.000
4 30 −514.500 −514.388 6 6.000
(70 7) 1 1 95.304 95.304 1 1.000
2 3 256.174 256.174 3 3.000
3 5 377.874 377.874 5 5.000
4 7 475.213 475.213 7 7.000
1 31 −546.077 −545.784 1 1.000
2 31 −579.311 −545.784 3 3.000
3 31 −550.495 −550.462 5 5.000
4 31 −507.272 −507.108 7 7.000
(10 4) 1 2 −32.271 −32.281 0 0.000
2 2 32.271 32.281 2 2.000
3 4 57.794 57.811 4 4.000
1 10 −62.077 −63.297 0 0.003
2 10 −55.305 −54.896 2 2.001
3 10 −34.989 −34.177 4 3.996
1 12 −67.663 −39.409 − 1.012
2 12 −62.458 −44.447 − 3.872
1 14 −72.830 −35.837 − 2.010
sitions of the K = 1 band; note the comparisons for the
L = 29,K = 1 to L = 30,K = 1 matrix elements for the
(70 7) representation.
K = 1 bands are special both in SU(3) and in the
rotor model because it is only for such a band that there
is a matrix element of a quadrupole operator between
the K = ±1 intrinsic states; it is given by the ∆L′L
terms in equations (123)-(124). Thus, for an in-band
K = 1 matrix element there are two contributing terms
which for a ∆L = 1 matrix element are of opposite sign.
In a situation in which they of near equal magnitude,
the error in their difference, as given by their asymptotic
values, can then be relatively large. This cancellation of
terms of opposite sign is exhibited for ∆L = 1 in-band
K = 1 transition matrix elements in more detail in the
lower part of Table II. Note that, in contrast, the two
terms contributing to ∆L = 2 transition matrix between
K = 1 states are of the same sign and their sum is large
and given to a high level of accuracy.
There is also a second reason for larger differences be-
tween the precise and asymptotic values of interband
transition matrix elements for SU(3) irreps with µ  λ.
It arises because, although the mixing of states of differ-
ent integer-K values is exceedingly small in appropriately
defined SU(3) states, the huge difference in the magni-
tudes of the K-conserving matrix elements relative to
the K-changing matrix elements, means that the mixing
has an exaggerated effect on the magnitude of the in-
terband matrix elements. Thus, in general, the smaller
inter-band matrix elements are expected to be given con-
siderably less accurately by their asymptotic limits than
the large matrix elements as is seen to be the case.
IX. REPRESENTATIONS OF SP(3,R) IN A U(3)
BASIS
As defined in Section IV, the Sp(3,R) Lie algebra com-
prises elements of a U(3) subalgebra and giant-monopole
and giant-quadrupole raising and lowering operators.
Thus, an irreducible Sp(3,R) representation is defined
by a set of so-called lowest-grade states that are annihi-
lated by the giant-resonance lowering operators and are a
basis for an irreducible U(3) representation. Basis states
for the Sp(3,R) representation are then generated by act-
ing repeatedly on these lowest-grade U(3) states with the
giant-resonance raising operators {Aˆij}. Matrix elements
for such a representation were first derived by use of re-
cursion relations [129] and subsequently by VCS methods
[99, 100].
This section outlines the VCS construction. It starts
with a basis of lowest-grade states {|w0α〉} for the de-
sired Sp(3,R) representation. These states transform un-
der U(3) as a set of harmonic-oscillator boson vacuum
states {|w0α)} with z-independent coherent-state wave
functions {ξw0α }. States of the Sp(3,R) representation
are then defined with VCS wave functions
Ψ(z) =
∑
α
ξw0α 〈w0α| exp
[
1
2
∑
ijzijBˆij
]
|ψ〉, (139)
where z = {zij = zji} is a set of 6 complex variables.
Section IX A shows that, in this VCS representation,
the elements of the Sp(3,R) Lie algebra, as defined in
Section IV A, are realised as operators of the form
Γˆ(Cij) = Cˆij + (z∇)ij , (140a)
Γˆ(Bij) = ∇ij , (140b)
Γˆ(Aij) = [Λˆ, zij ], (140c)
where Cˆij is the representation of the U(3) element Cˆij on
the space of lowest-grade states, {∇ij = (1+ δi,j)∂/∂zij}
and {zkl} satisfy the commutation relations
[∇ij , zkl] = δi,kδj,l + δi,lδj,k, (141)
Λˆ is a U(3) scalar operator
Λˆ = 12 (Cˆ+ z∇) · (Cˆ+ z∇)− 14z∇ · z∇− z · ∇ (142)
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TABLE II: Selected SU(3) quadrupole matrix elements 〈(λµ)αfLf‖Qˆ2‖(λµ)αiLi〉 calculated in the rotor contraction (RC) and
the λ/L → ∞ asymptotic limit (AL) compared with precisely computed values for three irreps. The matrix elements are
denoted by 〈Qˆ〉(RC)fi , when evaluated in the rotor contraction limit, by 〈Qˆ〉(AL)fi when evaluated in the higher-order asymptotic
limit, and by 〈Qˆ〉(su3)fi when evaluated precisely. Matrix elements that do not satisfy the hermiticity relationships of a unitary
representations are shown as asterisks. (A similar comparison of such matrix elements for (32 5) and (10 4) representations was
given in Ref. [128].)
(λ µ) K
(rot)
αfLf
Lf K
(rot)
αiLi
Li Lf/λ 〈Qˆ〉(RC)fi 〈Qˆ〉(AL)fi 〈Qˆ〉(su3)fi
(70 6) 0 10 0 8 0.14 397.170 393.928 393.919
0 10 2 8 0.14 10.407 10.301 10.385
2 10 2 8 0.14 379.415 376.318 376.311
2 10 4 8 0.14 4.249 3.839 3.867
4 10 6 8 0.14 1.967 1.376 1.385
0 30 2 29 0.43 45.365 44.900 45.808
2 30 2 29 0.43 94.078 92.152 92.111
2 30 4 29 0.43 29.730 26.861 27.402
4 30 6 29 0.43 27.276 19.089 19.460
0 30 0 28 0.43 700.754 643.476 643.290
0 30 2 28 0.43 21.700 21.478 23.425
2 30 2 28 0.43 697.530 640.516 640.379
2 30 4 28 0.43 13.263 11.983 12.996
4 30 6 28 0.43 11.333 7.932 8.593
(70 7) 1 20 1 19 0.29 27.111 25.981 26.340
1 22 1 21 0.31 22.895 21.405 21.984
1 24 1 23 0.34 19.092 17.103 18.032
1 30 1 29 0.43 9.487 0.000 7.948
1 30 3 29 0.43 35.336 34.214 34.271
3 30 3 29 0.43 141.668 138.806 138.967
3 30 5 29 0.43 32.588 28.222 28.799
1 30 1 28 0.43 685.855 627.359 627.034
1 30 3 28 0.43 16.325 15.807 16.493
3 30 3 28 0.43 698.155 641.881 641.850
3 30 5 28 0.43 14.03 12.153 13.173
(10 4) 0 2 0 0 0.00 27.000 26.833 26.823
2 2 0 0 0.20 8.660 8.485 8.516
0 4 0 2 0.40 43.296 41.816 41.743
2 4 0 2 0.40 8.964 8.783 9.081
4 4 0 2 0.40 0 0 0.003
0 8 0 6 0.80 63.894 53.126 52.406
2 8 0 6 0.80 10.607 10.392 12.629
4 8 0 6 0.80 0 0 0.158
2 8 2 6 0.80 59.286 49.295 48.911
(70 7) 1 26 1 25 0.37 15.625 12.890 14.409
1 28 1 27 0.40 12.438 8.409 11.062
1 30 1 29 0.43 9.487 0.000 7.948
1 32 1 31 0.46 6.736 ∗ 5.036
1 34 1 33 0.49 4.159 ∗ −2.304
1 36 1 35 0.51 1.732 ∗ −0.266
1 38 1 37 0.54 −0.562 ∗ −2.684
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that is diagonal in a U(3)-coupled basis for the repre-
sentation, z∇ is a tensor with components (z∇)ij =∑
k zik∇kj and z · ∇ =
∑
i(z∇)ii.
The six variables zij and the corresponding deriva-
tive operators ∇ij in these expressions can be regarded
as coherent-state representations of boson operators, a†ij
and aij , with commutation relations
[aij , a
†
kl] = δi,kδj,l + δi,lδj,k. (143)
The linear combinations
s† =
√
1
6
∑
i
a†ii, s =
√
1
6
∑
i
aii (144a)
d†0 =
√
1
12 (2a
†
11 − a†22 − a†33), (144b)
d0 =
√
1
12 (2a11 − a22 − a33), (144c)
d†±1 = ∓
√
1
2 (a
†
12 ± ia†13), (144d)
d±1 = ∓
√
1
2 a12 ∓ ia13), (144e)
d†±2 =
√
1
8 (a
†
22 − a†33 ± 2ia†23), (144f)
d±2 =
√
1
8 (a22 − a33 ∓ 2ia23), (144g)
are then interpreted as the s (L = 0) and d (L = 2)
boson raising and lowering operators of a Bohr model of
monopole and quadrupole vibrations. The boson opera-
tors are also recognised as components of a U(3) {2 0 0}
tensor. Thus, the VCS representation (140a)-(140c) of
the Sp(3,R) Lie algebra is understood in terms of rep-
resentations of two simpler commuting algebras: the
lowest-grade representation of U(3) and the representa-
tion of the boson algebra of the Bohr model. The com-
bination of these two algebras is known as a U(3)-boson
algebra [130].
The operators of equation (140) define a representa-
tion of the Sp(3,R) Lie algebra in terms of a U(3)-boson
algebra in which a set of boson vacuum state {|w0α)},
which satisfy the equations
aij |w0α) = 0, i, j = 1, 2, 3, (145)
are the lowest-grade states of a set of U(3)-coupled states
{|w0nρwα) = [Pn(a†)⊗ |w0)]ρwα}, (146)
in which Pn(a
†) ∝ [a† ⊗ a† ⊗ · · · a†]nα is a U(3) tensor
with components that transform as a basis for a U(3)
irrep n = {n1 n2 n3} for which n1 ≥ n2 ≥ n3 ≥ 0 are
even integers and ρ indexes the multiplicity of the U(3)
irrep {w} in the tensor product {n} ⊗ {w0}.
In this Sp(3,R) representation the matrix elements of
the U(3) operators Γˆ(Cij) are identical to those of a stan-
dard unitary representation of U(3) in an orthonormal
U(3)-coupled basis and the matrix elements of Λˆ are
easily determined; see equation (170). Thus, it only re-
mains to determine the SU(3)-reduced matrix elements
(w0n
′ρ′w′|||a†|||w0nρw) and the related matrix elements
(w0nρw|||a|||w0n′ρ′w′). It is shown in section IX B that
(w0n
′ρ′w′|||a†|||w0nρw) = (n′|||aˆ†|||n) (147)
× U((λ0µ0)(λnµn)(λw′µw′)(2 0); ρ(λwµw) ρ′(λn′µn′)),
where U((λ0µ0)(λnµn)(λw′µw′)(2 0); ρ(λwµw) ρ
′(λn′µn′))
is an SU(3) Racah coefficient with
λn = n1 − n2, µn = n2 − n3, (148a)
λw = w1 − w2, µw = w2 − w3, (148b)
and
(n′|||a†|||n) = δn′1,n1+2δn′2,n2δn′3,n3
×
(
(n1 + 4)(n1 − n2 + 2)(n1 − n3 + 3)
2(n1 − n2 + 3)(n1 − n3 + 4)
) 1
2
+ δn′1,n1δn′2,n2+2δn′3,n3
×
(
(n2 + 3)(n1 − n2)(n2 − n3 + 2)
2(n1 − n2 − 1)(n2 − n3 + 3)
) 1
2
+ δn′1,n1δn′2,n2δn′3,n3+2
×
(
(n3 + 2)(n2 − n3)(n1 − n3 + 1)
2(n1 − n3)(n2 − n3 − 1)
) 1
2
. (149)
The above equations satisfy the Hermiticity require-
ments of a unitary representation of the U(3)-boson al-
gebra. They also give explicit expressions of the matrix
elements of the VCS operators of equations (140a)-(140c)
in this U(3)-boson basis. However, the representations of
the Sp(3,R) algebra obtained in this way do not satisfy
the Hermiticity requirements of a unitary representation.
This is because the orthonormal U(3)-boson basis is not
an orthonormal basis for a unitary representation of the
Sp(3,R) Lie algebra. This is to be expected because, with
respect to the boson inner product, the Hermitian ad-
joint of ∇ij is ∇†ij = zij whereas Γˆ(Bij)† = zij 6= Γˆ(Aij).
Thus, a transformation to an appropriate orthonormal
basis is required and, as reviewed in Section IX D, it is is
obtained by a K-matrix algorithm.
Special cases are the multiplicity-free representations
founded on one-dimensional U(3) lowest-grade represen-
tations. These are the representations corresponding
to multiple giant-resonance excitations of a spherical-
harmonic oscillator closed-shell nucleus which relates to a
6-dimensional Bohr model with only vibrational degrees
of freedom [131]. Analytical expressions are obtained for
the matrix elements of these representations in Section
IX C.
A. VCS representation of the Sp(3,R) Lie algebra
The Hilbert space Hw0 of an irreducible Sp(3,R) rep-
resentation is spanned by sets of coherent states{|w0α; z〉 = exp ( 12 ∑
ij
z∗ijAˆij
)|w0α〉}, (150)
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where {|w0α〉} is a basis of lowest-grade states for a U(3)
representation w0 and {zij} is a set of complex variables.
A state vector |ψ〉 ∈ Hw0 is then characterised by the set
of overlap functions{
Ψα(z) = 〈w0α; z|ψ〉 = 〈w0α|eZˆ(z)|ψ〉
}
, (151)
with Zˆ(z) = 12
∑
ij zijBˆij . In a VCS representation, these
overlaps are regarded as components of the vector-valued
wave function Ψ defined by equation (139).
The representation of state vectors in Hw0 by VCS
wave functions also defines a representation Xˆ → Γˆ(X)
of a linear operator Xˆ on state vectors by
Γˆ(X)Ψ(z) =
∑
α
ξw0α 〈w0α|eZˆ(z)Xˆ|ψ〉. (152)
A special case is when Xˆ = Cˆij and |ψ〉 = |w0α〉 is a
lowest-grade state. In this situation,
Γˆ(Cij)ξw0α = Cˆijξw0α , (153)
where
Cˆijξw0α =
∑
β
ξw0β 〈w0β|eZˆ(z)Cˆij |w0α〉
=
∑
β
ξw0β 〈w0β|Cˆij |w0α〉. (154)
With the definition (152), the VCS operators represent-
ing elements of the Sp(3,R) Lie algebra are determined
by use of the expansion
eZˆXˆ =
(
Xˆ + [Zˆ, Xˆ] + 12! [Zˆ, [Zˆ, Xˆ]] + · · ·
)
eZˆ , (155)
which, because Zˆ is a sum of Sp(3,R) lowering operators,
terminates at or before the third term. The identities∑
α
ξ{w0}α 〈w0α|CˆijeZˆ(z)|ψ〉 = CˆijΨ(z), (156a)∑
α
ξ{w0}α 〈w0α|BˆijeZˆ(z)|ψ〉 = ∇ijΨ(z), (156b)∑
α
ξ{w0}α 〈w0α|AˆijeZˆ(z)|ψ〉 = 0, (156c)
and the observation that BˆijeZˆ(z) = ∇ijeZˆ(z) then leads
to the VCS representation
Γˆ(Cij) = Cˆij + (z∇)ij , (157a)
Γˆ(Bij) = ∇ij , (157b)
Γˆ(Aij) = (Cˆz)ij + (Cˆz)ji + (z∇z)ij − 4zij . (157c)
The expressions Γˆ(Cij) and Γˆ(Bij) are simple. The oper-
ator Γˆ(Aij) is not so simple. However, because Aˆij and
zij are both components of U(3) {2 0 0} tensors, it follows
that, if Γˆ(Aij) is expressed as a commutator
Γˆ(Aij) = [Λˆ, zij ], (158)
the operator Λˆ must be a U(3) scalar operator. A U(3)
scalar Λˆ operator that satisfies these requirements is
given (to within terms that commute with zij by equation
(142).
B. Representations of the U(3)-boson algebra
The operators {a†ij , aij} of equation (143), when ex-
pressed as linear combinations of s and d boson opera-
tors, are seen as components of a U(3) {2 0 0} tensor with
highest-weight component a†11/
√
2. Orthonormal U(3)-
coupled basis states for this harmonic oscillator are then
expressible in the form
{|nα) = Pnα(a†)|0)}, (159)
where |0) is the boson vacuum state and Pnα(a†) is a
polynomial in the boson creation operators. However,
their inner products are expressed with round brackets
(nα|n′β) = (0|Pnα(a)Pn′β(a†)|0) = δn,n′δα,β (160)
to distinguish them from the inner products for an or-
thonormal basis for the related states of an Sp(3,R) rep-
resentation with angle brackets. The required polynomi-
als are U(3)-coupled tensor products
Pnα(a
†) ∝ [a† ⊗ · · · ⊗ a†]nα, (161)
where n = {n1 n2 n3} is a triple of even integers with
n1 ≥ n2 ≥ n3 ≥ 0. SU(3)-reduced matrix elements
(n′|||a†|||n) of the boson operators in the extended Bohr
model have been derived [132–134] and are given by equa-
tion (149).
The extension of the 6-dimensional harmonic-oscillator
space to the space of an irreducible representation of the
U(3)-boson algebra is achieved by replacing the single
vacuum state of the oscillator with a set of vacuum states
that are in one-to-one correspondence with the lowest-
grade U(3) states of the desired Sp(3,R) representation.
An orthonormal basis for the U(3)-boson model is then
given by the U(3)-coupled states
{|w0nρwα) = [Pn(a†)⊗ |w0)]ρwα}, (162)
where {|w0α〉} is a basis of boson vacuum states for a
U(3) irrep {w0} ≡ {N0(λ0µ0)} that is isomorphic to
the lowest-grade U(3) irrep of the Sp(3,R) irrep 〈w0〉 ≡
〈N0(λ0µ0)〉; ρ indexes the multiplicity of the U(3) irrep
{w} in the tensor product {n}⊗{w0}. One then obtains
the SU(3)-reduced matrix elements (147) of the boson
operators by standard Racah recoupling methods.
Matrix elements of operators in the SU(3) Lie alge-
bra are determined in the U(3)-boson representation, as
in any representation with an SU(3)-coupled basis, from
the reduced matrix elements of the SU(3) tensor with
components
Xˆ
(1 1)
lm = δl,2Qˆ2,m + δl,1
√
3Lm. (163)
SU(3)-reduced matrix elements of this tensor are ob-
tained from the observation that its scalar product
Xˆ(1 1) · Xˆ(1 1) =
∑
q
(
Xˆ(1 1)q
)†
Xˆ(1 1)q , (164)
23
is the SU(3) Casimir invariant
Iˆ2 = Qˆ · Qˆ+ 3Lˆ · Lˆ, (165)
which, for an SU(3) representation (λµ), has values
I2(λµ) = 4(λ2 + λµ+ µ2 + 3λ+ 3µ). (166)
It follows that
|〈λ′µ′|||Xˆ(1 1)|||λµ〉|2 = δλ′,λδµ′,µ
× 4(λ2 + λµ+ µ2 + 3λ+ 3µ). (167)
The sign of the matrix element
〈λµ|||Xˆ(1 1)|||λµ〉 = ±2(λ2 + λµ+ µ2 + 3λ+ 3µ) 12 (168)
is undetermined by this expression but is fixed by the
phase convention used in the determination of SU(3)
Clebsch-Gordan coefficients to be the same as that of
the coefficient
(
(λµ)αL, (11)1‖(λµ)αL).
Because the operator Λˆ appearing in equation (158) is
diagonal in the U(3)-boson basis,
Λˆ|w0nρwν) = Ωnw|w0nρwν), (169)
and has eigenvalues given by
Ωnw =
1
4
3∑
j=1
[
2w2j−n2j+8(wj−nj)−2j(2wj−nj)
]
, (170)
the matrix elements of the VCS representations of the
Sp(3,R) algebra have the explicit expressions
(w0nρw|||Γˆ(C)|||w0n′ρ′w′) = ±2δn,n′δρ,ρ′δw,w′
× (λ2 + λµ+ µ2 + 3λ+ 3µ) 12 , (171a)
(w0nρw|||Γˆ(B)|||w0n′ρ′w′)
= (w0nρw|||a|||w0n′ρ′w′), (171b)
(w0n
′ρ′w′|||Γˆ(A)|||w0nρw) = (Ωn′w′ − Ωnw)
× (w0n′ρ′w′|||a†|||w0nρw), (171c)
in the above-defined U(3)-boson basis. However, while
this basis is orthonormal with respect to the (round
bracket) inner product of the U(3)-boson representa-
tion, it is not orthonormal with respect to the appropri-
ate (angle bracket) inner product for a unitary Sp(3,R)
representation. As a consequence the matrix elements
(171) are inconsistent with the Hermiticity relationship
Γˆ(Aij) = Γˆ(Bij)† that should be satisfied in an appro-
priate orthonormal basis. The following subsection uses
K-matrix methods to derive an appropriate orthonormal
basis. But first we consider the simple cases in which the
multiplicity index ρ is not needed and for which analyti-
cal results are simply obtained [99].
C. Multiplicity-free representations of Sp(3,R)
Multiplicity-free representations are representations
for which the basis states are uniquely defined by their
quantum numbers without a need of multiplicity in-
dices. For Sp(3,R), the multiplicity-free representations
〈w0〉 ≡ 〈N0(λ0µ0)〉 are those with λ0 = µ0 = 0. The
significant property of multiplicity-free representations
is that the U(3)-boson basis states are already an or-
thogonal set with respect to the Sp(3,R) inner product
and it only remains to renormalise them to obtain an or-
thonormal basis. It follows immediately from the equa-
tions (171) that the appropriate renormalisation factors
should be such as to give the matrix elements in the cor-
responding orthonormal basis (with angle brackets) for
these multiplicity-free representations
〈w0nw|||Cˆ|||w0n′w′〉 = 2δn,n′δw,w′
× (λ2 + λµ+ µ2 + 3λ+ 3µ) 12 ,
(172a)
〈w0nw|||Bˆ|||w0n′w′〉 = (Ωn′w′ − Ωnw) 12
× (w0nw|||a|||w0n′w′), (172b)
〈w0n′w′|||Aˆ|||w0nw〉 = (Ωn′w′ − Ωnw) 12
× (w0n′w′|||a†|||w0nw). (172c)
These expressions, given here as a special simple case
of the VCS construction [99], were first derived in an
equivalent form by Castan˜os et al. [131].
D. K-matrix theory and generic representations of
Sp(3,R) with lowest-weight states
All the Sp(3,R) representations that arise in nuclear
physics have lowest-weight states and are unitary when
expressed in appropriate orthonormal bases. However,
as shown above, they are not unitary in bases for which
the U(3)-boson algebra is unitary. Thus, to make use of
the simple results obtained in a U(3)-boson model ba-
sis, an orthonormal basis of VCS wave functions {Ψσ} is
expanded,
Ψσ =
∑
s
φsKsσ, (173)
in terms of an orthonormal basis {φs} for a corresponding
U(3)-boson model representation. The matrix elements
of K, expressed as overlaps in terms of the U(3)-boson
inner product by
Ksσ = (φs,Ψσ), (174)
are determined by the K-matrix methods of [100, 108].
From the expansion
Γˆ(X)Ψσ =
∑
τ
Ψτ 〈τ |Xˆ|σ〉, (175)
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for an element X of the Sp(3,R) Lie algebra, we obtain
the relationship∑
s
(φt, Γˆ(X)φs)Ksσ =
∑
τ
Ktτ 〈τ |Xˆ|σ〉. (176)
This and a corresponding equation for the operator Xˆ†
are conveniently expressed as matrix equations
Γ(X)K = KM(X), Γ(X†)K = KM(X†). (177)
where
Γst(X) = (φs, Γˆ(X)φt), Mστ (X) = 〈σ|Xˆ|τ〉. (178)
We now seek a set of K matrices such that the M
matrices satisfy the Hermiticity relationships
Mστ (X
†) = M∗τσ(X) (179)
of a unitary representation. Multiplying the right-hand
side of each equation in (177) by K† gives the identities
Γ(X)S = KM(X)K†, Γ(X†)S = KM(X†)K†, (180)
where S is the Hermitian matrix
S = KK†. (181)
Taking the Hermitian adjoint of the first equation of
(180) and imposing the required Hermiticity condition
(179), then gives the equation
SΓ(X)† = KM(X)†K† = Γ(X†)S (182)
for X in the Sp(3,R) Lie algebra. This equation is equiv-
alently expressed as an operator identity
SˆΓˆ(X)† = Γˆ(X†)Sˆ, (183)
A result, confirmed by this identity, is that
Γˆ(Cij)Sˆ = SˆΓˆ(Cij), (184)
for every element Cij of the U(3) ⊂ Sp(3,R) subalgebra.
Thus, Sˆ commutes with the VCS representation of ele-
ments of the U(3) ⊂ Sp(3,R) subalgebra and it follows
that the S matrices are block diagonal, i.e., they have
no off-diagonal elements between states of inequivalent
U(3) representations. Also, if restricted to a single ir-
reducible U(3) representation, S becomes a multiple of
the identity (by Schur’s lemma). This is consistent with
the observation that the U(3) subrepresentations of both
the Sp(3,R) and U(3)-boson representations are already
unitary.
It is then appropriate to augment the labelling of basis
states to include their U(3) quantum numbers. Thus, we
now label basis states for the Hilbert space of the Sp(3,R)
representation by {|σwα〉}, where α labels basis states for
an irreducible U(3) representation w, and σ distinguishes
multiple occurences of this representation. Basis states
{|swα)} for the U(3)-boson space are similarity labelled.
Equation (173) is then expressed in the form
Ψσwα =
∑
s
φswαKwsσ (185)
and the Sw block has matrix element
Swst =
∑
σ
KwsσKw∗tσ . (186)
The following shows that the Sw matrices can be deter-
mined recursively starting from that for the multiplicity-
free lowest-grade U(3) representation, Sw0 , which can be
set equal to the identity matrix. The Sw matrices for
successively higher-grade U(3) representations are then
obtained from equation (183) with X = Bij which gives
Sˆa†ij = [Λˆ, a†ij ]Sˆ (187)
and hence
Sˆa† · a =
∑
ij
[Λˆ, a†ij ]Sˆaij , (188)
where a† ·a = ∑ij a†ijaij . Taking matrix elements of both
sides of this expression with
Swts = (twα|Sˆ|swα), (189)
and noting that a† ·a and Λˆ are diagonal, gives the equa-
tion
Sw′st (tw′β|a† · a|tw′β) =
∑
ijuvwα
(sw′β[Λˆ, a†ij |uwα)Swuv
× (vwα|aij |tw′β). (190)
From the observation that [a† ·a, a†ij ] = 2a†ij and, because
a†ij increases the harmonic-oscillator energy of a state by
2~ω implying that [HˆHO, a†ij ] = 2a
†
ij , it follows that
a† · a |swα) = (Nw −Nw0)|swα), (191)
where
Nw = w1 + w2 + w3. (192)
Equation (190) then becomes
Sw′st =
1
Nw′ −N0
∑
ijuvwr
(sw′β[Λˆ, a†ij |uwα)
× Swuv(vwα|aij |tw′β)
=
2
Nw′ −N0
∑
wuv
(
Ωn(s)w′ − Ωn(u)w
)
(sw′|||a†|||uw)(tw′|||a†|||vw)∗Swuv, (193)
where the matrix elements on the right side of this equa-
tion are reduced with respect to SU(3) and n(s) is the
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value of n in the multiplicity label s ≡ nρ. Thus, from
Sw, one obtains a matrix Sw
′
matrix with Nw′ = Nw+2,
etc.
Once a Hermitian matrix Sw, with elements Swst =∑
αKwsσKw∗tσ , has been determined, it can diagonalised
by a unitary transformation. Also, because the Sw ma-
trices are non-negative by construction, their eigenvalues
are real and non-negative. Thus, the Sw matrices are
expressible in the form
Swst =
∑
σ
Uwsσ
(
kwσ
)2
Uw∗tσ , (194)
where Uw is unitary, from which one obtains the Kw
matrix with elements
Kwsσ = Uwsσkwσ . (195)
The VCS wave functions {Ψσwα} for an orthonormal ba-
sis {|σwα〉} for the Hilbert space Hw0 of an Sp(3,R) irrep
are then expressed by the equation
Ψσwα = Kˆφσwα =
∑
s
φswα U
w
sσk
w
σ . (196)
It is noted from this expression that any state |σwα〉,
with VCS wave function Ψσwα, for which k
w
σ is zero will
vanish. This can happen if there are normalisable states
in the U(3)-boson Hilbert space that have no counter-
parts in the Sp(3,R) space Hw0 . The Sp(3,R) → U(3)
branching rules [135] show precisely when this can hap-
pen which, in fact, is only for Sp(3,R) irreps in nuclei of
nucleon number A ≤ 6. The non-vanishing matrix ele-
ments of any element X in the Sp(3,R) Lie algebra are
then obtained from equation (177) and given by
〈σw |||Xˆ|||τw′〉 = 1
kwσ
∑
st
Uw∗sσ (sw|||Γˆ(X)|||tw′)Uw
′
tτ k
w′
τ .
(197)
X. MACROSCOPIC LIMITS OF THE
SYMPLECTIC MODEL
In this section, we consider the macroscopic limits of
the symplectic model that are approached in heavy de-
formed nuclei and which provide the means to interpret
their properties quickly and easily in a manner that re-
lates to a microscopic many-nucleon interpretation.
Of particular interest is the evolution of the symplec-
tic model of nuclear collective dynamics to that of a rigid
(generally triaxial) rotor strongly coupled to high-energy
giant-resonance vibrations. The macroscopic model that
emerges is shown to be much as envisaged in the phe-
nomenological Bohr-Mottelson [7] and Davydov-Filippov
[9, 136] models, albeit with the low-energy beta- and
gamma-vibrational excitations replaced with the higher-
energy giant resonance excitations of a deformed nucleus.
The macroscopic limits of the SU(3) matrix elements
to those of a rigid rotor have been given in section VIII.
Thus, for representations with non-zero U(2)S spin, the
close relationship of the symplectic model to the phe-
nomenological collective models suggests that, because of
the adiabaticity of the low-lying SU(3)-rotational states
of the symplectic model, a strong spin-orbit interaction
will result in a corresponding strong coupling of the ro-
tational and spin degrees of freedom of the model. It
could also result in rotationally-aligned coupling and to a
mixing of rotational bands from different Sp(3,R) repre-
sentations. These are properties of the model that need
to be explored, to see the extent to which the insights
gained from the many analyses in terms of the unified
model are consistent with its microscopic realisation.
The U(1) × SU(3) labelling {N(λµ)} of an irreducible
U(3) representation {w} = {w1, w2, w3} is given by set-
ting
Nw = w1 + w2 + w3, λw = w2 − w3, µw = w2 − w3.
(198)
An irreducible Sp(3,R) representation 〈w0〉 with lowest-
grade U(3) representation {w0} is then similarly labelled
by the U(1) × SU(3) quantum numbers 〈N0(λ0µ0)〉 with
N0 = Nw0 , λ0 = λw0 and µ0 = µw0 .
The minimum value Nmin that the N0 quantum num-
ber can have for an Sp(3,R) representation of a nucleus
(with its centre-of-mass contribution removed) is, for ex-
ample, 11812 for
40Ca and 811 12 for
166Er. It can be
estimated [130] as a function of the nuclear mass number
A, from the expression of the mean-square radius of the
nuclear ground state given, in harmonic-oscillator units
after removal of its centre-of-mass contribution, by
〈r2〉 = Nmin
A− 1
~
Mω
. (199)
From the assumed A2/3-dependence of 〈r2〉 and the usual
A−1/3 dependence of ω. This gives
Nmin ≈ 0.9A4/3, (200)
and exhibits its rapid increase with the mass number A.
Thus, it is expected that good approximations can be
obtained for a wide range of nuclei by neglecting terms of
order 1/N0. This gives the so-called macroscopic limits.
A. The U(3)-boson model as a contraction limit of
the symplectic model
The U(3)-boson algebra [130, 137] is a contraction of
the Sp(3,R) algebra that is realised for states of rela-
tively few bosons in representations for which N0 → ∞.
It was introduced to derive a much simplified version of
the symplectic model that is appropriate for its appli-
cation to heavy nuclei. Most fortuitously, as detailed
in Section IX A, it transpires that the analytical expres-
sions for the matrix elements of the U(3)-boson algebra
provide precisely what is required for the accurate calcu-
lation of the Sp(3,R) matrix elements. Applications of
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the U(3)-boson model were made by Rochford, Castan˜os
and Draayer [138, 139].
The U(3)-boson contraction of the symplectic model
algebra was obtained [130] by observing that, with
ε2 = 3/(2N0), the commutation relations of the giant-
resonance raising and lowering operators are given by
[εBˆ0, εAˆ0] = 2ε
2
3
Cˆ0 = 1
N0
Cˆ0, (201)
[εBˆ2,0, εAˆ2,0] = 1
N0
Cˆ0 + 1
2N0
Qˆ2,0. (202)
When acting on a state of angular momentum L of a U(3)
irrep {N(λµ)}, Cˆ0 takes the value N and, if L < Lmax for
the SU(3) irrep (λ0µ0), Qˆ2,0 takes a value smaller than
2λ+µ. Thus, for states for which (N −N0)/N0  1 and
2λ + µ  2N0, the giant-resonance raising and lowering
operators contract to boson operators, i.e.,
Aˆ(0) →
√
2N0
3
s†, Bˆ(0) →
√
2N0
3
s, (203)
Aˆ2,ν →
√
2N0
3
d†ν , Bˆ2,ν →
√
2N0
3
dν , (204)
that obey the commutation relations
[s, s†] = 1, [dµ, d†ν ] = δµ,ν Iˆ , (205)
where dµ = (−1)µd−µ = (d†µ)†. However, the contracted
raising and lowering operators continue to transform un-
der U(3) in exactly the same way as given by the boson
expansion
Cˆij ≡ Cˆij + (a†a)ij , (206)
of elements of the U(3) Lie algebra given by equation
(157a). Thus, the quadrupole tensor of the symplec-
tic model, given in harmonic-oscillator units by equation
(24), has contraction
Qˆ2 = Qˆ2 +
√
3 (Aˆ2 + Bˆ2)→ Qˆ2 +
√
2N0 (d
† + d), (207)
and the Sp(3,R) matrix elements have values in the con-
traction limit given by
〈w0nρw|||Cˆ|||w0n′ρ′w′〉 = ±2δn,n′δρ,ρ′δw,w′
× (λ2 + λµ+ µ2 + 3λ+ 3µ) 12 , (208a)
〈w0nρw|||Bˆ|||w0n′ρ′w′〉 →
√
2N0/3
× (w0nρw|||a|||w0n′ρ′w′), (208b)
〈w0n′ρ′w′|||Aˆ|||w0nρw〉 →
√
2N0/3
× (w0n′ρ′w′|||a†|||w0nρw). (208c)
B. The large N0 asymptotic limit of an Sp(3,R)
representation
An asymptotic limit of an Sp(3,R) representation that
is approached much more rapidly than that of its con-
traction as (λ0 + µ0)/N0 → 0 was given in [99, 100] and
its accuracy for relatively small values of (λ0 + µ0)/N0
was confirmed by Hecht [140]. It follows directly from
the observation, implied by the above contraction, that
in the N0 → ∞ limit, while λ and µ remain finite, the
basis states for an irreducible unitary representations of
the U(3)-boson algebra need only to be renormalised to
become an orthonormal basis for a VCS representation
of Sp(3,R). Thus, improved asymptotic matrix elements,
for large values of N0, are obtained directly from the VCS
representation of Sp(3,R) elements in states that are
asymptotically proportional to U(3)-boson states, i.e., for
which
|w0nρwν〉 ∼ kwnρ|w0nρwν). (209)
A similarity transformation of equations (172a)-(172c),
is then obtained by setting
kw
′
n′ρ′
kwnρ
= (Ωn′w′ − Ωnw) 12 , for Ωn′w′ > Ωnw, (210)
and leads to the asymptotic matrix elements
〈w0nρw|||Cˆ|||w0n′ρ′w′〉 = 2δn,n′δρ,ρ′δw,w′
× (λ2 + λµ+ µ2 + 3λ+ 3µ) 12 , (211a)
〈w0nρw|||Bˆ|||w0n′ρ′w′〉 ∼ (Ωn′w′ − Ωnw) 12
× (w0nρw|||a|||w0n′ρ′w′), (211b)
〈w0n′ρ′w′|||Aˆ|||w0nρw〉 ∼ (Ωn′w′ − Ωnw) 12
× (w0n′ρ′w′|||a†|||w0nρw). (211c)
These expressions were shown to be accurate to fourth
order in the small parameter (λ0 +µ0)/2N0 [100]. More-
over, they are precise for multiplicity-free representations
〈NO(λ0µ0)〉 with λ0 = µ0 = 0 as seen from the expres-
sions for these matrix elements in Section IX C and, as
shown in [99], they agree with the results calculated by
Castan˜os et al. [131].
C. Comparisons with precisely computed matrix
elements
The motivation for considering the macroscopic limits
of the symplectic model is two-fold; the first is to assess
the extent to which they reproduce the results of the stan-
dard Bohr-Mottelson-based collective models and the ad-
justments to these models implied by their many-nucleon
foundations; the second is to understand their limitations
as approximations to precise calculations.
It is emphasised that an important use of the sym-
plectic model and the associated many-nucleon coupling
scheme is to identify the many-nucleon spaces needed
for realistic descriptions of observed collective states of
nuclei. Exploratory model calculations, e.g., in Section
XI A, indicate that, in a spherical-harmonic oscillator
shell-model basis, these spaces are not small even when
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restricted to a single Sp(3,R) irrep. Typically, for a ro-
tational rare-earth nucleus, states from 15 to 20 major
harmonic-oscillator shells may be required for calcula-
tions of the desired level of convergence. Thus, it ap-
pears that in many situations, improved accuracy is likely
to be possible by use of asymptotic matrix elements in
larger spaces. It is also recognised that the restriction of
a symplectic model to a single representation is only a
beginning. One will eventually want to consider calcula-
tions with symplectic symmetry-breaking interactions in
spaces of mixed representations.
In this section, we compare matrix elements calcu-
lated in the asymptotic (211) and U(3)-boson approxi-
mations (208) with precisely computed values. In Tables
III and IV the asymptotic (ASp3R) and the U(3)-boson
(U3BC) approximations are compared, respectively, with
precisely-computed reduced matrix elements for A and
C. The matrix elements are calculated for the sym-
plectic irrep 〈824(80, 0)〉, as used by Bahri [141] for the
ground state rotational band of 166Er, and for the irrep
〈836(78, 10)〉 which, according to Jarrio et al. [67], is the
kind of irrep implied by the observed properties of 168Er.
The precise matrix elements of Table III are those of
equation (197) and the asymptotic and U(3)-boson ma-
trix elements are, respectively, those of equations (211c)
and (208c). The reduced matrix elements of C are ob-
tained by noting from (206) that Cij can be expressed
in terms of the U(3) elements Cij of the Sp(3.R) algebra
and the boson creation and annihilation operators. Its re-
duced matrix elements are then given in the U(3)-boson
basis by
(w0n
′ρ′w′|||C|||w0nρw)ρ0 = (w0n′ρ′w′|||C|||w0nρw)ρ0
− (w0n′ρ′w′|||a†a|||w0nρw)ρ0 . (212)
The corresponding precise and asymptotic matrix ele-
ments of C are then obtained from the expansions of the
precise and asymptotic bases in the U(3)-boson basis.
The selected matrix elements shown in Tables III and
IV include those for which the approximations are the
most and least accurate for each Nn and N
′
n. The tables
show, for both irreps, that the asymptotic and precise
matrix elements are essentially the same to a high level
of accuracy. However, computation of the asymptotic
matrix elements, in the current implementation, is ap-
proximately a factor of 5 times faster. The U(3)-boson
reduced matrix elements do not provide the same ac-
curacy as the asymptotic approximation and are only
marginally easier to compute. However, and more signif-
icantly as pursued in Section XI A, they are amenable to
analytical model calculations.
XI. A SIMPLE MODEL APPLICATION
The above macroscopic limits of the symplectic model
as a U(3)-boson model and of its lowest-grade U(3) states
as those of a triaxial rigid rotor, as reviewed in Section
VIII, show that, in a combined macroscopic limit, for
which both L/λ0 and (λ0 + µ0)/N0 are small, the states
of an Sp(3,R) representation 〈N0(λ0µ0)〉 of angular mo-
mentum L, are those of a coupled rotor-vibrator (CRV)
model. Thus, to assess the usefulness of these macro-
scopic limits of the symplectic model in fitting experi-
mental data in a manner that gives information on their
many-nucleon structure, we consider a simple symplectic
model Hamiltonian that is simply solvable in its macro-
scopic CRV limit.
The CRV model was introduced by Le Blanc et
al. [112, 142] as a union of rigid-rotor and (giant-
resonance) vibrational models. It is particularly signif-
icant in the present context because of its close corre-
spondence with the Bohr-Mottelson unified model, in
which intrinsic valence-shell states, described in the sym-
plectic model as lowest-grade U(3) states, are added
to a Bohr irrotational-flow vibrational model corre-
sponding to giant monopole/quadrupole vibrations; in
the absence of valence-shell particles, e.g., for closed-
shell nuclei, the giant-resonance vibrational states would
have irrotational-flow mass parameters (cf. [143] Section
8.2.6).
A. The coupled rotor-vibrator model
We consider a symplectic model with a Hamiltonian of
the form
Hˆ = Hˆsu3−κ1Qˆ2 ·(Aˆ2+Bˆ2)+κ2Aˆ2 ·Bˆ2+κ3Aˆ0 ·Bˆ0, (213)
in which Qˆ2 is the restriction of the quadrupole tensor
Qˆ2, defined by equations (63) and (64) to the lowest-
grade SU(3) irrep (λ0µ0) of an Sp(3,R) irrep 〈N0(λ0µ0)〉;
its components commute with the giant-resonance oper-
ators. This Hamiltonian is expressed in terms of sym-
plectic model operators and can be diagonalised within
the space of an Sp(3,R) irrep. It is then of interest to
interpret the results that emerge in terms of the corre-
sponding analytically solvable CRV model.
The parameters of the Hamiltonian (213) can be ad-
justed to fit the properties of nuclear states of in-
terest. They can also be determined by mean-field
self-consistency methods. For example, self-consistent
vibrating-potential methods [144] have indicated that the
parameters should be adjusted to give the one-phonon
giant-monopole and giant-quadrupole resonance states at
energies of order ~ω0 = 2~ω and ~ω2 =
√
2 ~ω, respec-
tively, where ω is the frequency of the harmonic-oscillator
shell-potential. Mean-field considerations also imply that
κ1 should be such as to give an effective charge for low-
lying states that is twice the natural charge, i.e., the value
that would be appropriate if these states were described
in an un-renormalized SU(3) model [68, 145, 146].
From equation (157a), the boson expansion of the U(3)
algebra is given by
Cˆij = Cˆij + Cˆ(B)ij , (214)
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TABLE III: Comparison of selected reduced matrix elements 〈σ′w′|||Aˆ|||σw〉 calculated in the U(3)-boson contraction (U3BC)
and asymptotic limits (ASp3R) with accurately computed Sp(3,R) matrix elements (Sp3R). The state |w0nρwα), to which a
state |σwα〉 approaches in the asymptotic limit, is labelled by the U(3)-boson quantum numbers nρw shown.
w0 = 824(80, 0)
w′ σ′ n′ ρ′ w σ n ρ Sp3R ASp3R U3BC
826 (78, 2) 1 2 (2, 0) 1 824 (80, 0) 1 0 (0, 0) 1 22.2261 22.2261 23.4379
830 (82, 2) 2 6 (2, 2) 1 828 (82, 1) 1 4 (4, 0) 1 −15.0319 −15.0317 −14.6415
830 (80, 0) 1 0 (0, 0) 1 828 (79, 1) 1 4 (0, 2) 1 23.8723 23.8721 23.2927
830 (86, 0) 1 6 (6, 0) 1 828 (84, 0) 1 4 (4, 0) 1 44.4972 44.4972 40.5956
834 (82, 4) 3 10 (2, 4) 1 832 (82, 3) 2 8 (4, 2) 1 −21.2952 −21.2947 −20.7062
834 (79, 1) 2 10 (0, 2) 1 832 (78, 2) 2 8 (2, 0) 1 −30.7897 −30.7896 −30.0684
834 (90, 0) 1 10(10, 0) 1 832 (88, 0) 1 8 (8, 0) 1 57.6194 57.6194 52.4087
838 (82, 6) 2 14 (2, 6) 1 836 (82, 5) 2 12 (4, 4) 1 −26.1261 −26.1254 −25.3598
838 (78, 2) 1 14 (2, 0) 1 836 (80, 0) 1 12 (0, 0) 1 31.5594 31.5595 33.1461
838 (94, 0) 1 14(14, 0) 1 836 (92, 0) 1 12(12, 0) 1 68.3813 68.3813 62.0108
842 (86, 6) 2 18(18, 0) 1 840 (88, 4) 2 16(16, 0) 1 17.8690 17.8680 18.9966
842 (80, 0) 2 18 (0, 0) 1 840 (79, 1) 3 16 (0, 2) 1 41.4913 41.4907 40.3442
842 (98, 0) 1 18(18, 0) 1 840 (96, 0) 1 16(16, 0) 1 77.7689 77.7689 70.3136
846 (88, 7) 2 22(22, 0) 1 844 (90, 5) 3 20(20, 0) 1 18.3142 18.3127 19.5096
846 (79, 1) 2 22 (0, 2) 1 844 (78, 2) 5 20 (2, 0) 1 −41.4521 −41.4518 −40.3410
846 (102, 0) 1 22(22, 0) 1 844 (100, 0) 1 20(20, 0) 1 86.2322 86.2322 77.7346
w0 = 836(78, 10)
w′ σ′ n′ ρ′ w σ n ρ Sp3R ASp3R U3BC
838 (78, 8) 1 2 (2, 0) 1 836 (78, 10) 1 0 (0, 0) 1 22.0907 22.0907 23.6079
842 (84, 10) 1 6 (6, 0) 1 840 (82, 10) 1 4 (4, 0) 1 44.8999 44.8999 40.8901
842 (78, 10) 5 6 (0, 0) 1 840 (77, 11) 1 4 (0, 2) 1 17.6891 17.6889 17.3249
842 (82, 8) 2 6 (2, 2) 1 840 (81, 9) 1 4 (4, 0) 1 −15.0895 −15.0892 −14.7660
846 (78, 9) 5 10 (0, 2) 1 844 (78, 8) 2 8 (2, 0) 1 24.1736 24.1735 23.4749
846 (84, 6) 3 10 (2, 4) 1 844 (83, 7) 1 8 (4, 2) 1 −21.3766 −21.3760 −20.8822
846 (88, 10) 1 10(10, 0) 1 844 (86, 10) 1 8 (8, 0) 1 58.1378 58.1378 52.7889
850 (86, 4) 2 14 (2, 6) 1 848 (85, 5) 2 12 (4, 4) 1 −26.2258 −26.2249 −25.5754
850 (78, 8) 1 14 (2, 0) 1 848 (78, 10) 6 12 (0, 0) 1 31.3687 31.3688 33.3866
850 (92, 10) 1 14(14, 0) 1 848 (90, 10) 1 12(12, 0) 1 68.9928 68.9928 62.4607
854 (90, 4) 2 18(18, 0) 1 852 (90, 6) 2 16(16, 0) 1 18.0219 18.0206 19.4181
854 (78, 10) 24 18 (0, 0) 1 852 (77, 11) 5 16 (0, 2) 1 30.7439 30.7434 30.0076
854 (96, 10) 1 18(18, 0) 1 852 (94, 10) 1 16(16, 0) 1 78.4602 78.4602 70.8237
858 (93, 3) 2 22(22, 0) 1 856 (93, 5) 3 20(20, 0) 1 18.5354 18.5337 20.0127
858 (78, 9) 49 22 (0, 2) 1 856 (78, 8) 32 20 (2, 0) 1 32.5420 32.5418 31.4949
858(100, 10) 1 22(22, 0) 1 856 (98, 10) 1 20(20, 0) 1 86.9943 86.9943 78.2986
where Cˆ(B)ij = (a†a)ij . Thus, in the U(3)-boson limit, in
which the quadrupole moments
Qˆ2 ν = Qˆ2,ν +
√
3 (Aˆ2,ν + Bˆ2,ν) (215)
contract to
Qˆ2 ν → Qˆ2,ν + Qˆ(B)2,ν +
√
2N0 (d
†
ν + dν), (216)
where
Qˆ(B)2,ν = 2
√
2 (d†νs+ s
†dν)−
√
14 [d† ⊗ d]2,ν , (217)
the Hamiltonian (213) contracts to
HˆU3BC = Hˆsu3−κ Qˆ2 ·(d†+d)+~ω2 d† ·d+~ω0 s†s, (218)
with κ =
√
2N0/3κ1, ~ω2 = (2N0/3)κ2, and ~ω0 =
(2N0/3)κ3.
The spectrum of this Hamiltonian and the properties
of its eigenstates are easily derived in the rotor limit of
SU(3). By setting α = κ/~ω2 and making the substitu-
tion
d†ν = D
†
ν + αQˆ2,ν , dν = Dν + αQˆ2,ν , (219)
the U(3)-boson Hamiltonian (218) is re-expressed as
HˆCRV = Hˆsu3−α2~ω2 Qˆ2·Qˆ2+~ω2D†·D+~ω0s†s. (220)
Then, with the value of the second-order SU(3) Casimir
invariant for the lowest-grade SU(3) irrep given by
I2(λ0µ0) = 〈Qˆ2 · Qˆ2 + 3Lˆ · Lˆ〉
= 4(λ20 + λ0µ0 + µ
2
0 + 3λ0 + 3µ0), (221)
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TABLE IV: Comparison of selected reduced matrix elements 〈σ′w′|||Cˆ|||σw〉 calculated in the U(3)-boson contraction (U3BC)
and asymptotic limits (ASp3R) with accurately computed Sp(3,R) matrix elements (Sp3R).
w0 = 824(80, 0)
w′ σ′ n′ ρ′ w σ n ρ ρ0 Sp3R ASp3R U3BC
824 (80, 0) 1 0 (0, 0) 1 824(80, 0) 1 0 (0, 0) 1 1 66.5332 66.5332 66.5332
828 (82, 1) 1 4 (4, 0) 1 828(80, 2) 1 4 (0, 2) 1 1 0.0150 0.0000 0.0000
828 (79, 1) 1 4 (0, 2) 1 828(79, 1) 1 4 (0, 2) 1 2 1.2539 1.2539 1.2539
828 (82, 1) 1 4 (4, 0) 1 828(80, 2) 2 4 (4, 0) 1 1 3.1775 3.1774 2.9623
832 (82, 3) 2 8 (4, 2) 1 832(80, 4) 1 8 (0, 4) 1 1 0.0229 0.0000 0.0000
832 (78, 2) 2 8 (2, 0) 1 832(78, 2) 2 8 (2, 0) 1 2 2.0109 2.0109 2.0109
832 (82, 3) 1 8 (8, 0) 1 832(80, 4) 2 8 (8, 0) 1 1 5.2947 5.2947 4.9319
836 (80, 6) 1 12 (0, 6) 1 836(78, 7) 2 12 (4, 4) 1 1 −0.0307 0.0000 0.0000
836 (80, 0) 1 12 (0, 0) 1 836(80, 0) 1 12 (0, 0) 1 1 66.5332 66.5332 66.5332
836 (82, 5) 3 12(12, 0) 1 836(80, 6) 4 12(12, 0) 1 1 7.4013 7.4012 6.8933
840 (80, 8) 2 16 (0, 8) 1 840(78, 9) 3 16 (4, 6) 1 1 −0.0384 0.0000 0.0000
840 (79, 1) 3 16 (0, 2) 1 840(79, 1) 3 16 (0, 2) 1 2 1.2539 1.2539 1.2539
840 (82, 7) 2 16(16, 0) 1 840(80, 8) 3 16(16, 0) 1 1 9.4943 9.4942 8.8426
844(80, 10) 4 20(0, 10) 1 844(78, 11) 4 20 (4, 8) 1 1 −0.0461 0.0000 0.0000
844 (78, 2) 5 20 (2, 0) 1 844(78, 2) 5 20 (2, 0) 1 2 2.0109 2.0109 2.0109
844 (84, 8) 5 20(20, 0) 1 844(82, 9) 5 20(20, 0) 1 1 11.4033 11.4031 10.6084
w0 = 836, (78, 10)
w′ σ′ n′ ρ′ w σ n ρ ρ0 Sp3R ASp3R U3BC
836(78, 10) 1 0 (0, 0) 1 836(78, 10) 1 0 (0, 0) 1 2 0.0000 0.0000 0.0000
840 (80, 8) 1 4 (0, 2) 1 840 (79, 7) 1 4 (4, 0) 1 1 0.0145 0.0000 0.0000
840(77, 11) 1 4 (0, 2) 1 840(77, 11) 1 4 (0, 2) 1 2 0.8208 0.8208 0.8208
840 (80, 8) 2 4 (4, 0) 1 840 (79, 7) 1 4 (4, 0) 1 1 −2.5000 −2.5000 −2.3085
844 (82, 6) 1 8 (0, 4) 1 844 (81, 5) 2 8 (4, 2) 1 1 0.0237 0.0000 0.0000
844 (78, 8) 2 8 (2, 0) 1 844 (78, 8) 2 8 (2, 0) 1 2 −1.1783 −1.1783 −1.1783
844 (81, 5) 1 8 (8, 0) 1 844 (82, 6) 2 8 (8, 0) 1 1 −4.2020 −4.2019 −4.5445
848 (85, 5) 2 12 (4, 4) 1 848 (84, 4) 1 12 (0, 6) 1 1 −0.0319 0.0000 0.0000
848(78, 10) 6 12 (0, 0) 1 848(78, 10) 6 12 (0, 0) 1 2 −0.0000 0.0000 0.0000
848 (83, 3) 3 12(12, 0) 1 848 (84, 4) 4 12(12, 0) 1 1 −6.0828 −6.0826 −6.5756
852 (85, 1) 3 16 (4, 6) 1 852 (86, 2) 2 16 (0, 8) 1 1 −0.0391 0.0000 0.0000
852(77, 11) 24 16 (0, 2) 1 852(77, 11) 24 16 (0, 2) 1 2 0.8208 0.8208 0.8208
852 (84, 0) 2 16(16, 0) 1 852 (82, 1) 2 16(16, 0) 1 1 9.3085 9.3085 8.6389
856 (88, 0) 4 20(0, 10) 1 856 (86, 1) 1 20 (4, 8) 2 1 −0.0565 0.0000 0.0000
856 (78, 8) 32 20 (2, 0) 1 856 (78, 8) 32 20 (2, 0) 1 2 −1.1783 −1.1783 −1.1783
856 (88, 0) 2 20(20, 0) 1 856 (86, 1) 3 20(20, 0) 1 1 11.7353 11.7352 10.8711
where Lˆ denotes the restriction of the angular momen-
tum, Lˆ, to states of the lowest-grade SU(3) irrep, HˆCRV
simplifies to
HˆCRV = Hˆsu3 + 3α
2~ω2 Lˆ · Lˆ− α2~ω2I2(λ0µ0)
+ ~ω2D† ·D + ~ω0s†s. (222)
However now, because the SU(3) quadrupole operators
Qˆν commute with one another in the rotor limit, the
operators D†ν and Dν are boson operators with commu-
tation relations
[Dµ, D†ν ] = [d
µ, d†ν ] = δµ,ν Iˆ . (223)
Thus, if one already knows the spectrum of the SU(3)-
rotor Hamiltonian Hˆsu3, which we suppose to be given in
a {|KLM〉} basis with energies {EKL}, it is immediately
inferred that the energy levels of the Hamiltonian HˆCRV
are given to within terms of order α2 by
En0n2KL = EKL + n0~ω0 + n2~ω2 + O(α2). (224)
Thus, in the CRV limit, the structure of the energy spec-
trum is little changed by introduction of the Qˆ2 ·(Aˆ2+Bˆ2)
term in (213) that couples the intrinsic SU(3) and giant
resonance degrees of freedom. However, there is a signif-
icant change in the quadrupole moments of the low-lying
states and the E2 transition matrix elements between
them.
Let Hˆ(α) denote the Hamiltonian
Hˆ(α) = Hˆsu3 + ~ω2D† ·D (225)
with D†ν = d
†
ν−αQˆν and Dν = dν−αQˆν , where {Qˆν} are
commuting quadrupole operators. The transformation
between the d- and D-boson operators, given by
eαQˆ·(d
†−d)d†νe
−αQˆ·(d†−d) = D†ν , (226)
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then implies that
Hˆ(α) = eαQˆ·(d
†−d)Hˆ(0)e−αQˆ·(d
†−d). (227)
Thus, if |ϕ〉 is any eigenstate of Hˆ(0), the transformed
state
|ϕ(α)〉 = eαQˆ·(d†−d)|ϕ〉 (228)
will be an eigenstate of Hˆ(α) with the same energy, as
already observed. The quadrupole moments between the
transformed state are similarly obtained. Within the
space of lowest-grade SU(3) (boson-vacuum) states, ma-
trix elements of the quadrupole operator are, by defini-
tion, given by
〈ϕ1|Qˆ2,ν |ϕ2〉 = 〈ϕ1|Qˆ2,ν |ϕ2〉, (229)
and in the corresponding space of D-boson vacuum
states, they are given by
〈ϕ1(α)|Qˆ2,ν |ϕ2(α)〉 = 〈ϕ1|e−αQˆ·(d†−d)Qˆ2,νeαQˆ·(d†−d)|ϕ2〉
= 〈ϕ1|Qˆ2,ν −
√
14α2[Qˆ2 ⊗ Qˆ2]2,ν
+ 2α
√
2N0 Qˆ2,ν |ϕ2〉. (230)
Thus, if α is assigned a value such that 2α = 1/
√
2N0,
we obtain
〈ϕ1(α)|Qˆ2,ν |ϕ2(α)〉 = 〈ϕ1|2Qˆ2,ν −
√
14
8N0
[Qˆ2 ⊗ Qˆ2]2,ν |ϕ2〉,
(231)
which, to within a term of order α2, is twice the value
of 〈ϕ1|Qˆ2,ν |ϕ2〉 and gives the renormalisation of the ef-
fective charge of the quadrupole operators, due to cou-
pling to higher shells, that is predicted by self-consistency
mean-field arguments [68, 146].
This result has an insightful physical interpretation.
The D-boson vacuum states satisfy the equation
dν |ϕ(α)〉 = αQˆ2,ν |ϕ(α)〉, (232)
which means that, when the giant-resonance states are
regarded as harmonic-oscillator states, the states |ϕ(α)〉
are interpreted as coherent states or, in other words, po-
larized vacuum states. In fact, we have found that, with
a suitable value of the coupling constant α, the states
|ϕ(α)〉 have quadrupole moments with essentially equal
contributions to their values coming from the SU(3) rotor
and the polarized giant-resonance vacuum. In pictorial
terms, the interaction between the lowest-grade SU(3)
rotor and the giant-resonance degrees of freedom results
in a polarisation of the giant-resonance vacuum which
then rotates in unison with the SU(3) rotor in much the
same way as a tidal wave on the earth’s surface follows
the moon’s orbit.
B. Comparison of symplectic and CRV model
results
To examine the interaction between intrinsic SU(3)
and giant-resonance degrees of freedom, as introduced
by the Qˆ2 · (Aˆ2 + Bˆ2) term in the Hamiltonian (213), we
compare symplectic model calculations with and without
the presence of this term. We use appropriately-defined
values of the parameters κ2 and κ3 so as to place the gi-
ant monopole and quadrupole resonances at reasonable
energies (as described subsection XI A). Then, we carry
out calculations either with κ1 = 0, that is, with the cou-
pling between the SU(3) and giant-resonance degrees of
freedom suppressed, or with κ1 chosen to approximately
double the matrix elements of quadrupole operators, or
quadruple the corresponding B(E2) reduced transition
probabilities, for consistency with experiment. Recall
that, in the CRV approximation, changing this coupling
is expected to leave the energy spectrum essentially un-
changed.
Specifically, we apply the model Hamiltonian (213) to
a description of the 166Er ground-state rotational band
and its giant-quadrupole resonance excitations. These
are treated within an 〈824(80 0)〉 symplectic irrep, re-
sulting in the energy levels and B(E2) reduced transi-
tion probabilities for the uncoupled (κ1 = 0) and coupled
(κ1 6= 0) Hamiltonian shown in Fig. 1. In these calcu-
lations, the parameters in (213) were set as follows. For
the intrinsic SU(3) Hamiltonian,
Hˆsu3 = H0 − χQ · Q, (233)
χ = 0.011 was set to give the excitation energy of the
first 2+ state; the value ~ω = 7.36 MeV was determined
by use of the Blomqvist-Molinari formula [147]; values of
κ2 = 0.019 and κ3 = 0.025 were chosen to give the giant
quadrupole resonance at
√
2~ω = 10.4MeV and the giant
monopole resonance at 2~ω = 14.7 MeV; the parameter
κ1 = 0.006 was then adjusted to obtain the experimental
value of the B(E2; 2+ → 0+) transition for the ground-
state rotational band.
Because the asymptotic reduced matrix elements are
indistinguishably close to the exact reduced matrix ele-
ments to the level of accuracy of these calculations, the
asymptotic matrix elements were used to construct the
Hamiltonian.
The calculations were carried out in an Sp(3,R) space
truncated by Nn = Nw − Nw0 ≤ Nmax, with Nmax =
20. This truncated space was sufficiently large to provide
convergence of all observables to the accuracy shown in
Fig. 1.
The calculations were carried out for an Nmax = 20
truncation. The energies and B(E2)’s of the ground state
band and the giant quadrupole resonance band are shown
in Fig. 1 for both the uncoupled (κ1 = 0) and coupled
(κ1 6= 0) Hamiltonian.
The results in Fig. 1 show the extent to which the prop-
erties of a microscopic model Hamiltonian that have been
derived in a large multi-shell calculation can be obtained
much more simply from its macroscopic rotor-vibrator
limit. The essential predictions of the CRV limit of the
Hamiltonian (213) are that the coupling between low-
energy U(3) and giant-resonance degrees of freedom has
a small effect on the low energy-level spectrum but, for
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FIG. 1: Comparison of the energies and B(E2)’s calculated
obtained from the uncoupled κ1 = 0 (left) and coupled
κ1 = 0.006 (right) Hamiltonians for the ground state band
(bottom) and the giant quadrupole band (top). Energies are
given in keV and B(E2)’s are in Weisskoff units.
an appropriate value of the κ1 coupling constant, it es-
sentially doubles the effective charge of quadrupole oper-
ators. In accord with these predictions, the figures show
remarkably little change in the energy-level spectra of ei-
ther the ground state or giant-resonance rotational bands
due to a relative strong coupling. They also show the pre-
dicted enhancement of calculated quadrupole strengths.
Recall that the strength of the coupling was chosen to
reproduce experimental E2 transition rates. The en-
hancement of ∼ 1.8 required to match experiment for
the chosen representation is slightly smaller than, but
comparable to, the factor of ∼ 2 expected on the ba-
sis of mean-field self-consistency considerations [68, 146];
cf. the results of Ref. [141]. One must also be aware of
the sensitivity of quadrupole moments and E2 transition
rates to the tails of wave functions and, hence, to small
components of the wave functions lost on truncation of
the space and to the fundamental limitations of a very
simple model.
XII. SPIN-ORBIT INTERACTIONS
The nuclear spin S and isospin T are good quantum
numbers of the Sp(3,R)×U(2)S×U(2)T coupling scheme.
However, the spatial and spin-isospin degrees of freedom
are inextricably intertwined by the total antisymmetry of
many-nucleon wave functions. Thus, an Sp(3,R) repre-
sentation with a given space symmetry can only be com-
bined with spin-isospin states of complementary symme-
try. It follows that, if the isospin of an Sp(3,R) repre-
sentation of an even-even nucleus takes its smallest value
T = (N −Z)/2, the spin S of that representation is most
often uniquely determined by the space symmetry of the
Sp(3,R) representation.
The spherical harmonic-oscillator states of even-even
nuclei that are most deformed and most lowered in en-
ergy by a corresponding deformation of the harmonic-
oscillator potential are states of maximal space symme-
try with wave functions that are Slater-determinants of
spin S = 0 and isospin T = (N − Z)/2. On the basis
of shape-consistent mean-field considerations [68], it is
also expected that the Sp(3,R) × U(2)S × U(2)T repre-
sentations of a given isospin are partially ordered with
those of smaller spin lying lower in energy, and those of
T = (N − Z)/2 lying lowest.
For representations of non-zero spin, the intertwining
of the spin and spatial degrees of freedom in forming
lowest-weight symplectic states is particularly significant
because, in the macroscopic limit in which a lowest-
weight state becomes the intrinsic state of a rotor, it
generates rotational states in which the spin and spatial
degrees of freedom are strongly coupled as generally pre-
sumed in the Bohr-Mottelson-Nilsson model.
This follows from the observation that an irreducible
Sp(3,R)× U(2)S representation has a macroscopic limit
in which it approaches a ROT(3) × U(2)S model with
the same angular momenta and commuting quadrupole
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moment operators (also with high-energy giant-resonance
vibrational states). Thus, it is expected that the low-
energy rotational states of heavy nuclei with non-zero
spin, will be close to those of a strongly coupled rotor
model with both SO(3) rotational and SU(2) spin angular
momenta
Jk = Lk + Sk. (234)
By definition, strong-coupling of the intrinsic spin of a ro-
tor takes place in the intrinsic frame of the rotor as in the
Nilsson model. It is favoured particularly in rotational
nuclei in low total angular-momentum states, partly be-
cause of the adiabaticity of the rotational degrees of free-
dom and, more importantly, because the existence of four
spin-isospin states allows the spatial states of nucleon to
be maximally aligned [19] to form states of large defor-
mation. This understanding underlies the interpretation
of deformation alignment as opposed to rotational align-
ment and back-bending in nuclei [12, 148]. It also coun-
ters the concern that, although the spin-orbit interactions
do not conserve SU(3) or Sp(3,R) symmetry, their sym-
metry breaking effects are expected to be suppressed in
strongly-deformed nuclei.
XIII. RELATIONSHIPS WITH MEAN-FIELD
MODELS
The microscopic theory of collective dynamics has
traditionally been approached in terms of Hartree-
Fock (HF) mean-field theory, and its Hartree-Fock-
Bogolyubov (HFB) and time-dependent (TDHF and TD-
HFB) extensions [149].5 For a deformed nucleus, static
HF theory, returns a minimal energy Slater determinant
of single-nucleon states from among a continuous set of
such determinants that is generally not rotationally in-
variant. The rotations and small-amplitude vibrations
about such a minimum energy HF equilibrium state are
then given by the TDHF extension of HF theory. A pop-
ular model based on this theory is Kumar and Baranger’s
pairing-plus-quadrupole model [18, 150–153].
To appreciate the contribution that mean-field theory
can make to the understanding of collective states of nu-
clei, it is useful to first contrast the HF theory of nu-
clear states with the theory of many-nucleon quantum
mechanics. In both cases one starts with a so-called
particle-hole vacuum state which is an anti-symmetric
product of a subset of single-nucleon states described as
occupied single-particle states. Such a state is a lowest-
weight state for the irrep of the infinite-dimensional Lie
algebra of one-body Hermitian operators, in the sense
5 An elementary introduction to the basic HF, HFB, and TDHF
theories is given in [113]. A recent description of the applica-
tion of this approach to the low-lying rotor-vibrator states of
deformed nuclei has been given by Matsuyanagi et al. [15].
that it is annihilated by all the so-called particle-hole
lowering operators. From this single particle-hole vac-
uum state, one can use the particle-hole raising operators
of the Lie algebra of one-body operators to generate the
whole many-nucleon Hilbert space of the nucleus. On the
other hand, by applying the Lie group of one-body uni-
tary transformations to the particle-hole vacuum state,
one generates the continuous HF manifold of all possible
Slater determinants for the nucleus. The many-nucleon
Hilbert space and HF manifold are very different spaces
but have an intimate and complementary relationship.
Unlike a Hilbert space, the HF manifold is not a vector
space which is evident from the fact that the sum of any
two Slater determinants cannot be expressed as a sin-
gle Slater determinant. In fact, a HF manifold has the
properties of a classical phase space whereas the Hilbert
space generated by the particle-hole raising operators is
its quantisation. The geometry of a HF manifold as a
classical phase and the TDHF dynamics on this space
was shown, for example, in [154] (and references therein)
and reviewed in Chapter 8 of [143]. However, for present
purposes we only need its simple familiar properties.
Some remarkable properties are seen to emerge if one
starts from a lowest-weight state for a symplectic model
irrep and restricts the group of one-body unitary trans-
formations to those of the unitary irrep of Sp(3,R) with
this lowest-weight state. It is well known that, for a suit-
able definition of the Sp(3,R) lowest-weight state as a
U(3) highest-weight state, the Hilbert space of the lowest-
grade U(3) representation is spanned by its SO(3) ro-
tations through all angles. It is similarly known [58],
that the whole Hilbert space of the Sp(3,R) irrep with
this lowest-weight state, is spanned by the general linear
transformations of its lowest-weight state.
By standard mean-field methods, one can find a state
on this manifold in which the expectation value of a ro-
tationally invariant Hamiltonian is minimised and which
is oriented such that its monopole/quadrupole moments
are aligned to give 〈Qˆij〉 = δi,jqi. With respect to the 9-
dimensional mean-field dynamics of the time-dependent
mean-field equations of motion, the minimum energy
state is then an equilibrium state with 3 rotational and
6 vibrational degrees of freedom. Thus, it can be inter-
preted as the intrinsic state of a microscopic version of
a unified collective model. Moreover, in its macroscopic
limits, its rotational dynamics is asymptotical that of a
triaxial rotor and its vibrational degrees of freedom con-
tract to those of a boson algebra. However, the quanti-
sation of the microscopic version of this model, which is
simply the symplectic model, is given by its irreducible
unitary representation.
In this way one regains the CRV model and its re-
lationship to the TDHF and TDHFB methods and the
possibility of benefitting from the many insights obtained
as, for example, the effects of pairing correlations. The
mean-field perspective on the properties of the symplec-
tic model is further developed in a forthcoming review
[69].
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XIV. CONCLUSIONS AND CHALLENGES FOR
FURTHER PROGRESS
Much has been gained from the complementary per-
spectives of nuclear structure underlying the Nobel prize
winning models of the 1950 years. The Mayer-Jensen
model of independent-particles in a spherical field led
to the nuclear shell model while the Bohr-Mottelson-
Rainwater model of particles moving as a fluid in a
spheroidal field led to the nuclear collective models.
This review has focused on the evolution of many-
nucleon models of nuclear collective states and their
macroscopic limits that incorporate both of the early
perspectives. The approach is based on the Dirac-Weyl
[155, 156] formulation of the quantum mechanics of a sys-
tem in terms of unitary representations of its algebra of
observables. The perspective emerges that, whereas the
many-nucleon Hilbert space is a sum of shell-model sub-
spaces, it is also expressible as a sum of collective-model
subspaces. Such collective-model subspaces are usefully
defined as the spaces for irreducible representations of
the direct product group Sp(3,R)×U(2)S×U(2)T , where
U(2)S and U(2)T are, respectively, the nucleon spin and
isospin groups. The decomposition (discussed further in
[68]) corresponds to the use of the subgroup chains
Sp(3,R) ⊃ U(3) ⊃ SO(3), (235a)
SO(3)× SU(2)S ⊃ SU(2)J , (235b)
to define a coupling scheme for the many-nucleon Hilbert
space. It has the significant property that there can be
no non-zero matrix elements of a nuclear quadrupole mo-
ment, or any other element of the Sp(3,R) × U(2)Sn ×
U(2)Sp Lie algebra, between states that belong to differ-
ent collective-model subspaces. The selection rule asso-
ciated with this property promises to provide a powerful
tool in the experimental identification of the microscopic
structure of observed collective states.
To describe the rotational properties of a deformed nu-
cleus, it is appropriate to consider the restriction of a suit-
able Hamiltonian to a truncated many-nucleon space of
many symplectic-model subspaces. However, this poses
challenges as to the choice of subspaces and Hamilto-
nian to be employed. If it were not for practical limita-
tions on the sizes of matrices that can be diagonalised, it
would be meaningful to work in sufficiently large spheri-
cal harmonic-oscillator shell-model bases, that the results
for the states of interest would not change to the required
level of accuracy if the dimension of the shell-model space
were increased. The physical significance of the results
of the calculation could then be understood subsequently
by expanding them in symplectic-model bases.
In fact, such calculations with realistic interactions
have been successfully pursued in multi-shell calcula-
tions of low-energy states of light nuclei by Dytrych
and colleagues [86–89, 157]. The calculations were car-
ried out in U(3) × U(2)S × U(2)T coupled harmonic-
oscillator shell-model bases and are especially valuable
because they show the emergence of results consistent
with their expression in terms of a small number of
Sp(3,R)×U(2)S×U(2)T irreducible representations with-
out a priori assumptions that they should do so. How-
ever, already for very light nuclei, such calculations re-
quire the use of supercomputers and it is inconceivable
that corresponding calculations could be carried out, in
the foreseeable future, for heavy nuclei for which the
symplectic-model interpretation of collective dynamics
was developed. Thus, a primary challenge in exploring
the symplectic-model-based description of deformed nu-
clei is to identify the relevant collective- (i.e., symplectic-
) model subspaces that are appropriate for the nuclear
states of interest. This is important because, as discussed
in several contributions to a focus issue on nuclear shape
coexistence [158], there is strong evidence that many-
nucleon states of much larger deformation than one would
expect from a spherical shell-model perspective fall into
the low-energy domain, even in light nuclei.
In the spherical shell model, many-nucleon subspaces
are ordered by the sums of the independent-particle en-
ergies of jj-coupled basis states. There is then a natural
coupling scheme for a number of nucleons in such a sub-
space given by their pair-coupling [72, 73] symmetries.
However, such a coupling scheme is wildly inappropri-
ate for heavy strongly-deformed nuclei for which the de-
formation of the mean field has a dominant controlling
influence.
Within the framework of the collective model, the Nils-
son model [8] and Mottelson’s comparisons of aligned
versus pair coupling [19] indicate that deformation-
alignment of nucleons takes place in the intrinsic frame
of a rotor. Such a coupling has a natural realisation
in mean-field theory in which states of good angular
momentum are obtained by angular-momentum projec-
tion from minimal-energy mean-field states. However,
this approach does not, in general, translate easily into
a rotationally invariant coupling scheme for the many-
nucleon Hilbert space because states projected from dif-
ferent mean-field states do not form complete orthonor-
mal sets of states.
To our knowledge, the only coupling scheme for
the many-nucleon Hilbert space that admits such
deformation-aligned coupling, without restriction to
eigenstates of a spherical harmonic oscillator, corre-
sponds to an LS-coupled decomposition of the many-
nucleon Hilbert space into a sum of Sp(3,R) × U(4) ⊃
U(3)×U(2)S ×U(2)T invariant subspaces, where U(4) is
the Wigner supermultiplet group. In companions to this
review [68, 69], the ordering of Sp(3,R)×U(4) subspaces
and the corresponding microscopic descriptions of collec-
tive states restricted to these subspaces is considered in
terms of mean-field methods.
In this review, our primary concern has been with the
interpretation of experimental data. If the mixing of dif-
ferent collective model subspaces is small, it would ap-
pear that, by analysis of experimental data in terms of
the macroscopic limits of low-energy rotational bands as
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U(3)-rotor bands with an effective charge, it should be
possible to identify candidates for the collective-model
subspaces involved along the lines pursued by Jarrio et
al. [67]. Such analyses would at least assist in identifying
critical data for which more accurate measurements are
needed.
Identifying critical data for estimating K-band mixing
in the description of rotational states is a particular chal-
lenge. It is difficult because the interband E2 transitions
between states of good K quantum numbers are small
in comparison with large in-band transitions for close to
axially symmetric nuclei. This suggests that the way to
proceed would be to start with fits of macroscopic limits
of the symplectic models, and their mixtures, to large
bodies of experimental data. The systematics of nuclear
shapes of nuclei and information gathered from nucleon
transfer reactions and their Nilsson model interpretation
would undoubtedly also provide valuable information.
In concluding this summary, it is emphasised that an
essential difference between the Bohr-Mottelson-Nilsson
and the microscopically-based model presented is that
the BMN rotor is axially-symmetric and has low-energy
beta- and gamma-vibrational excitations, whereas the
macroscopic limit of the symplectic model is a triax-
ial rotor with only high-energy giant-resonance excita-
tions. Hopefully the analysis of experimental data will be
able to distinguish between the two models. It must be
recognised, however, that with coherent mixtures of ro-
tational states it may be possible to generate states with
some of the properties of beta and gamma vibrational
states. For example, there is a distinct possibility that
pairing interaction could effect a partial restoration of
the axial symmetry by mixing different symplectic-model
representations. A systematic study of candidates for
one-phonon gamma vibrational states could be reward-
ing from this perspective and that of quasi-dynamical
symmetry [74, 159].
Major challenges to unravelling the experimental im-
plications for the microscopic structure of the rotational
states of nuclei arise both from the mixing of different
representations and the mixing of different rotational K
bands within a given representation. These are huge
problems but hopefully they can be tackled from both
ends, i.e., by considering theoretical models that produce
results consistent with observed data.
An important consideration in the analysis of exper-
imental data is that many candidates for Sp(3,R) ×
U(2)S × U(2)T representations of the same spin and
isospin are similar, in that their matrix elements are close
to being linearly related to one another. As a result their
differences can be accommodated for the most part by
choice of an effective charge. It has also been observed
that a symmetry breaking interaction has a tendency to
mix the representations of a would-be dynamical symme-
try in the coherent manner of the previously-mentioned
quasi-dynamical symmetry [74, 159]. When this hap-
pens, the states of the mixed representations behave as
though they belonged to an average of the mixed repre-
sentations and the transitions between such mixed bands
of states tend to be systematic and relatively easy to in-
terpret. However, this is a subject that merits further
and detailed examination.
It is important to recognise that one can learn as much,
perhaps more, from the limitations of a model as from its
successes. Thus, one should always look for experimental
or theoretical observations that disagree and are not nat-
urally explained in terms of a model. In the present con-
text, it promises to be useful to explore the systematics
of E2 and other transitions between states that are con-
trary to the expectations of the simple symplectic model
in its asymptotic limits and have the potential to reveal
phenomena associated with competing dynamical sym-
metries.
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